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Let X be a finite set, cardX ≥ 2. For an arbitrary natural number D let
R = {R0, R1, . . . , RD} be a system of binary relations on X. A pair (X,R) will
be called an association scheme with D classes if and only if it satisfies the
axioms
A1 - A4:

A1. The system R is a partition of the set X2 and R0 is the diagonal relation,
i.e. R0 = {(x, x); x ∈ X}.

A2. For each i ∈ {0, 1, . . . , D}, it holds R−1
i ∈ R.

A3. For each i, j, k ∈ {0, 1, . . . , D} it holds

(x, y) ∈ Rk ∧ (x1, y1) ∈ Rk =⇒ pij(x, y) = pij(x1, y1),

where
pij(x, y) = |{z; (x, z) ∈ Ri ∧ (z, y) ∈ Rj}|.
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Then define
pkij := pij(x, y), where (x, y) ∈ Rk.

A4. For each i, j, k ∈ {0, 1, . . . , D} it holds pkij = pkji.

The setX will be called the carrier of the association scheme (X,R). In particular,
pki0 = δik, p

0
ij = viδij, where δij is the Kronecker-symbol and vi := p0

ii and define

Pj := (pkij), 0 ≤ i, j, k ≤ D.
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(See E.Bannai, T.Ito. Algebraic Combinatorics I. The Bejamin/Cummings Pu-
blishing Company, California, 1984 .)

Given an undirected graph G = (X,E) of diameter D we may now define
Rk = {(x, y); d(x, y) = k}, where d(x, y) is the distance from the vertex x to
the vertex y in the standard graph metric. If (X,R) gives rise to an associ-
ation scheme, the graph G is called metrically regular (sometimes also called
distance regular) and pkij are said to be its parameters. In particular, a met-
rically regular graph with diameter D = 2 is called strongly regular.

Let G = (X,Y ) be an undirected graph without loops and multiple edges.
The second power (or square of G) is the graph G2 = (X,E ′) with the same
vertex set X and in which mutually different vertices are adjacent if and only if
there is at least one path of length 1 or 2 in G between them.

G G2

The characteristic polynomial of the adjacency matrix A of a graph G is called
the characteristic polynomial of G and the eigenvalues and the spectrum of
A are called the eigenvalues and the spectrum of G. The greatest eigenvalue
of G is called the index of G.

1 Conditions for metrically regular graphs of di-
ameter D to have their square metrically re-
gular

(The same problem we can find in Brouwer A.E., Cohen A.M., Neumaier A.:
Distance-regular graphs, p. 151, Springer-Verlag 1989.)

Because G = (X,E) is metrically regular, the pair (X,R) forms an association
scheme with parameters pkij, where

R = {R0, R1, . . . , RD}, Ri = {(x, y);x, y ∈ X, d(x, y) = i}.
If G2 = (X,E ′) is metrically regular then the pair (X,R′) forms an association

scheme too, where R′ = {R′0, R′1, . . . , R′D′} and R′0 = R0, R′k = R2k−1 ∪ R2k. So,
for its parameters 2pki,j it must hold

2pkij =
1∑

m,n=0

p2k−1
2i−m,2j−n =

1∑
m,n=0

p2k
2i−m,2j−n, 1 ≤ i, j, k ≤ D′
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There is the example in the following picture.

2p1
11 =

= p1
11 + p1

12 + p1
21 + p1

22 =

x y x y x y x y

z z z z

= p2
11 + p2

12 + p2
21 + p2

22

x y x y x y x y

z z z z

On the other hand, if A denotes the adjacency matrix of the metrically regular
graph G and A2 the adjacency matrix of G2 it holds

A2 =
1
p2

11

A2 +
p2

11 − p1
11

p2
11

A − λ1

p2
11

I.

So, if the eigenvalues of G are λ1 > · · · > λk with respective multiplicities m1 =
1,m2, . . . ,mk, the eigenvalues of G2 are in the form

µi =
λ2
i + (p2

11 − p1
11)λi − λ1

p2
11

(1)

with multiplicities
m′i =

∑
j∈Mi

mj, Mi = {j;µj = µi}.

It is proved for metrically regular bipartite graphs of diameter D ≤ 7 that the
spectrum of the metrically regular graph G2 is in the form

Sp(G
2) =

{
µ1, µ2 = µD+1, µ3 = µD, µ4 = µD−1, . . .
1, m2 +mD+1, m3 +mD, m4 +mD−1, . . .

}
.
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(It would be reasonable to conjecture that this holds for general D). Thus, from
(1) we obtain for bipartite graphs:

(
pkij = 0, i+ j + k ≡ 1 (mod 2)

)

−p2
11 = λ2 + λD+1 = λ3 + λD = λ4 + λD−1 = · · · .

2 Bipartite graphs

D = 3, 4

V.Vetchý. Metrically regular square of metrically regular bigraphs I, Arch. Math.
Brno, Tomus 27b (1991), 183 - 197.

Theorem 1. Let G be a metrically regular graph with diameter D = 3 (4 distinct
eigenvalues) and G2 be strongly regular. Then it holds λ3 = −1, λ2 > 0.

Theorem 2. For every k ∈ N, k ≥ 2 there is only one metrically regular bipar-
tite graph G = (X,E) with diameter D = 3, |X| = 2k+2 so that G2 is a strongly
regular graph. The nonzero parameters of G are the following:
p1

10 = p1
23 = p2

20 = p2
13 = p3

30 = 1 v0 = v3 = 1
p1

12 = p2
11 = p2

22 = k − 1 v1 = v2 = k
p3

12 = k

Sp(G) =

{
k, 1, −1, −k
1, k, k, 1

}

The construction of G = {(X = X1 ∪X2, E)} :
X1 = {v1, . . . , vk+1},
X2 = {u1, . . . , uk+1},
E = {(vi, uj) | i, j = 1, 2, . . . , k + 1; i 6= j}

The realization is the following graph:
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v1

u2

u3

u4

uk+1

u1

v2

v3

v4

vk+1

Theorem 3. There is only one table of parameters of an association scheme so
that the corresponding metrically regular bipartite graph of diameter D = 4 (5
distinct eigenvalues) has a strongly regular square. The nonzero parameters of G
are the following:

p1
01 = p2

20 = p3
30 = p4

40 = p3
14 = p2

24 = p1
34 = 1 v0 = v4 = 1

p2
11 = p2

13 = p2
33 = 2 v1 = v3 = 4

p1
12 = p1

23 = p3
12 = p3

23 = 3 v2 = 6
p2

22 = p4
13 = 4

p4
22 = 6 Sp(G) =

{
4, 2, 0, −2, −4
1, 4, 6, 4, 1

}

The realization of this table is the 4-dimensional unit cube.
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D = 5

V.Vetchý. Metrically regular square of metrically regular bigraphs II, Arch. Math.
Brno, Tomus 28 (1992), 17 - 24 .

Theorem 4. There are only four tables of parameters of association schemes so
that the corresponding metrically regular bipartite graphs of diameter D = 5 (6
distinct eigenvalues) have a metrically regular square. The nonzero parameters of
G are the following:

pii0 = p1
45 = p2

35 = p3
25 = p4

15 = 1 k = p2
11 = p2

44 = p3
14

p2
13 = p2

24 = p3
12 = p3

34 = k + 1 2k = p1
12 = p1

34 = p4
13 = p4

24

p5
14 = 2k + 1, p1

23 = p4
22 = p4

33 = 2k + 2, v0 = v5 = 1
p2

22 = p2
33 = p3

23 = 3k 2k + 1 = v1 = v4

p5
23 = 2(2k + 1) 2(2k + 1) = v2 = v3

Sp(G) =

{ ±(2k + 1), ±(k + 1), ±1
1, 8− 12

k+2 , 6k − 5 + 12
k+2

}
,

k ∈ {1, 2, 4, 10}.

In the case k = 2 the realization of this table is the 5-dimensional unit cube,
for k = 1 the realization is the following graph:
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D = 6

V.Vetchý. Metrically regular square of metrically regular bipartite graphs of dia-
meter D=6, Arch. Math. Brno Tomus 29 (1993), 29 - 38.

Theorem 5. There is only one table of parameters of an association scheme with
6 classes so that the corresponding metrically regular bipartite graph of diameter
D = 6 (7 distinct eigenvalues) has a metrically regular square.

p1
10 = 1 p2

20 = 1 p3
30 = 1 p4

40 = 1 p5
50 = 1 p6

60 = 1
p1

12 = 5 p2
11 = 2 p3

12 = 3 p4
13 = 4 p5

14 = 5 p6
15 = 6

p1
23 = 10 p2

13 = 4 p3
14 = 3 p4

15 = 2 p5
16 = 1 p6

24 = 15
p1

34 = 10 p2
22 = 8 p3

23 = 9 p4
22 = 6 p5

23 = 10 p6
33 = 20 = v3

p1
45 = 5 p2

24 = 6 p3
25 = 3 p4

24 = 8 p5
25 = 5 λ6 = −4

p1
56 = 1 p2

33 = 12 p3
34 = 9 p4

26 = 1 p5
34 = 10 m6 = 6

λ1 = 6 p2
35 = 4 p3

36 = 1 p4
33 = 12 λ4 = 0 λ7 = −6

m1 = 1 p2
44 = 8 p3

45 = 3 p4
35 = 4 m4 = 20 m7 = 1 = v6

λ2 = 4 p2
46 = 1 λ3 = 2 p4

44 = 6 λ5 = −2 v1 = 6 = v5

m2 = 6 p2
55 = 2 m3 = 15 v0 = 1 m5 = 15 v2 = 15 = v4

The realization of this table is the 6-dimensional unit cube.

D = 7

V.Vetchý. Metrically regular square of metrically regular bipartite graphs of dia-
meter D=7, to appear.

Theorem 6. There are only two tables of the parameters of association schemes
so that the corresponding metrically regular bipartite graphs with 8 distinct eige-
nvalues (diameter D = 7) have the metrically regular square.

The realization of the case p2
11 = 2 is the 7-dimensional unit cube. The rea-

lization of the case p2
11 = 1 is the following graph:

7



3 Conjecture

With respect to Theorems 1.– 6. it would be reasonable to conjecture:

There is only one table of parameters of an association scheme with 2k classes
(k ≥ 2) so that the corresponding metrically regular bipartite graph of diameter
D = 2k has a metrically regular square. The realization of this table is the 2k-
dimensional unit cube.
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4 General case for D=3

In this case follows from the conditions to be the square G2 strongly regular for
the spectrum of G

Sp(G) =

{
λ1 = r, λ2, −1, λ4

1, m2, m3, m4

}

λ2,4 =
p1

11 − p2
11 ±

√
(p1

11 − p2
11)2 + 4(λ1 + p2

11p
3
13)

2

A.
√

(p1
11 − p2

11)2 + 4(λ1 + p2
11p

3
13) = t ∈ N

This implies

λ2,4 =
a± c

2
, c ∈ N.

m2(c+ a) = m4(c− a) + 2t, t ∈ N, t > 1,

m3 = λ1 + t, t ∈ N, t > 1.

From the condition for the traces of A2 and A3 of the adjacency matrix of G
we obtain

4cp2
11p

3
13m4 = t(c+ a + 2)(2λ1 − c− a)

2cm4p
3
12(2λ1 − c− a + 2p2

11p
3
13) = v2(λ1 + 1)(c+ a)(2λ1 − c− a).

In this case we get for

λ1 = 3 - only one graph - bipartite graph on 8 vertices
λ1 = 4 - three graphs - bipartite graph on 10 vertices

- 2 graphs on 10 and 35 vertices
λ1 = 5 - two graph - bipartite graph on 12 vertices

- graph on 36 vertices

B.
√

(p1
11 − p2

11)2 + 4(λ1 + p2
11p

3
13) 6∈ N

m2 = m4

For the parameters we obtain the following conditions

(p1
11 − p2

11)(λ1 − 1− p1
11 + p2

11) = 2p2
11p

3
13

m2(p1
11 − p2

11 + 2)p2
11(λ1 − p3

13) = λ1(λ1 + 1)p1
12

According to these conditions we can consider two cases p1
11 = p2

11 or p1
11 > p2

11.
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1. p1
11 = p2

11.

We obtain the following table of the nonzero parameters of the association
scheme such that there can exist metrically regular graphs G realizing this table
with spectrum Sp(G):

p1
10 = 1 p2

20 = 1 p3
30 = 1 (2)

p1
11 = p2

11 p2
11 = p2

11 p3
12 = 1 + p2

11(1 + v3) (3)

p1
12 = v3p

2
11 p2

12 = v3p
2
11 p3

22 = [1 + p2
11(1 + v3)](v3 − 1) (4)

p1
22 = v2

3p
2
11 p2

13 = 1 p3
33 = v3 − 1 (5)

p1
23 = v3 p2

22 = v2
3p

2
11 v1 = 1 + p2

11(1 + v3) (6)

v0 = 1 p2
23 = v3 − 1 v2 = v3[1 + p2

11(1 + v3)] (7)

Sp(G) =

=

(
1 + p2

11(1 + v3)
√

1 + p2
11(1 + v3) −1 −

√
1 + p2

11(1 + v3)
1 v3 + p2

11
v3(v3+1)

2 1 + p2
11(1 + v3) v3 + p2

11
v3(v3+1)

2

)
,

v3 ∈ N
The least example is on 12 vertices.
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