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G|x,y

� �fK x �(�%�XK � ��K����/�X�"��RP�(W��XK�Y(�(�
x
ZU� x

y
K��%�XN^NP�"��RP�(W��X�#"`y $ �"Y � Z

�PWXZUL"�=Z x OQK �X��Z �"N����"�(W�� � �(�(W�N
r
���kN�� K ��ZU� x NP�"M � K �

Lr(G; x, y) 6= ∅
y

���"� �kZU��K�Y�NPLq�(WXZ��XK�NP�"�-K��^Y(NP�"���XW��"Yd�XK�NP��NU���PWXZUL"�"� ZUW����X�"�}LkZUWXZUM�M��(M���NPK��QZU� x �X�"�}���(W�K��(� ��NPK��ny
���"� 1 .8T6. �$� O � �YS�"$� ‖ NU�`�)��N x K�� ��NPK��%���)��N�� �X�(W�OQK��kZUM��PWXZUL"�"� (G; x, y)

ZU� x
(G′; x′, y′)

�
K����X�"���)��N��
�X�(W�OQK��kZUM=�PWXZUL"�

(G′′; x′′, y′′)
N	��� ZUK��"� x ��W�NPO �X�"� �"�"K�NP�6NU� �X�"�(���^�)��N	�PWXZUL"�"� � �6Y(NP�%�XWXZUYd�XK����

x
ZU� x

x′
ZU� x

y
ZU� x

y′
K��%�XN;Z ��K����PM��=�"� �FRP�(W��XK�Y(�(�

x′′
ZU� x

y′′
��W��(��Lq�(Yd�XK RP�(M �Py ���"� W�O T#" O W

�YS�"$�
◦
NU�q�X�"N x K�� ��NPK��%���)��N�� �X�(W�OQK��kZUM��PWXZUL"�"�

(G; x, y)
ZU� x

(G′; x′, y′)
�
K��{Z*�)��N�� �X�(W�OQK��kZUM��PWXZUL"�

(G′′; x, y′)
N	��� ZUK��"� x ��W�NPOI�X�"� �"�"K�NP� NU�k�X�"�(�����)��N&�PWXZUL"� � �/Y(NP�%�XWXZUYd�XK����

y
ZU� x

x′
K��%�XN�Z*��K����PM��

�"� � RP�(W��X�#"
y′′
y � � �qNU�X� Y[ZU���(�(�n��W�NPO8�X�"�

r
� �XWXZU�"��OQK�����K �"K�M�K ��� ���d�X��NU�

(G; x, y)
ZU� x

(G′; x′, y′)����Y[ZU�f�[ZU��K�M �+�k� x N������X�"�
r
� �XWXZU�"��OQK�����K �"K�M�K ��� ���d�}NU���"� ��M � Y(NP�"���XW��"Yd�X� x �PWXZUL"�ny

, �d�!�X�"�!W��&:�S=<�� R!S�W�O�� W
A
ZU� x

B
�"� x �(W!�X�"�-NPLq�(WXZ��XK�NP�

+r
�
A+rB = {a +r b : a ∈ A, b ∈ B}

y
% u��/� � 0 ��������� - 9��L; � O�� G . �,U

G′
2#OI� R!S;� R!S � �)O T#: "$�8. � %8T6.#14,6W � �$, O��

9 �



� X � <
G′′ = G ‖ G′

�$, O��
Lr(G

′′) = Lr(G) ∩ Lr(G
′).

� X � <
G′′ = G ◦ G′

�$, O��
Lr(G

′′) = Lr(G) +r Lr(G
′).

���"K��n�X�"�(NPW��(OIZUM�M�N���� �"�!�XN�Y(NP�"���XW��"Yd��Z�M�ZUWV�P��RUZUW�K��d��� NU���"�d�)��NPW��
� ��K �X���
�"N����
r
� �XWXZU�"��OQK�����K �"K�M�K ���

���d�[y ��W�K R�K�ZUM�M �P�k�X�"�
r
� �XWXZU�"��OQK�����K �"K�M�K ��� ���d�+3

r ≥ 2
5 NU��Z��)��N�� �X�(W�OQK��kZUM �PWXZUL"� Y(NP�%� ZUK��"K���� NP�"M �

NP�"��� x �P� �q�d�)���(�(���X�"���X�(W�OQK��kZUM���K��
Lr(G) = 〈1,−1〉

y , �d�
P ′

�q�VZ �)��N�� �X�(W�OQK��kZUM��PWXZUL"�=Y(W�� �
Z��X� x ��W�NPOI�X�"�����d�X�(W����(���PWXZUL"� � �VY �"N�NP��K���� �)��N�Z x �XZUY(�(�%��RP�(W��XK�Y(�(�{ZU���X�(W�OQK��kZUM���ZU� x W��(OQNSR�K����
�X�"��� x �P� �q�d�)���(�(� �X�"�(O=y � �(Y[Z �"�����X�"��W��[ZUM��kN�� ���"O �q�(WVNU�

P
K��

5 - 9�:L; ZU� x �X�"��W��[ZUM��kN��
���"O �q�(W�N x

P ′
K��

4 - 9���; ����Y[ZU�=�[ZU��K�M �+�k� x N����}Z �qN������X�"�
r
� �XWXZU�"��OQK�����K �"K�M�K ���^���d�}NU�

P ′ - 9��L; A

Lr(P
′; x, y) =







∅ 2 ≤ r < 4
〈−(r − 4), r − 4〉 4 ≤ r < 5

〈0, r) 5 ≤ r
|}N�� ���/Y[ZU� �[ZU��K�M �=Y(NPOQL����X���X�"�

r
� �XWXZU�"��OQK�����K �"K�M�K �������d��NU�

Pk
Z+�PWXZUL"� Y(W��[Z��X� x ��K �X���X�"�

���(W�K��(� ��NPK��fNU�
k
Y(NPL"K��(��NU�

P ′ - 9��L; y

Lr(Pk; x, y) =







∅ 2 ≤ r < 4
〈−k(r − 4), k(r − 4)〉 4 ≤ r < 4 + 1/k

〈0, r) 4 + 1/k ≤ r

� � � �
��������� � �	� � � � � � 
 � � � �
	 ��� 
 ��� 
 � �
� � - 9���; ��ZU��ZU� x %`���=L"W��(���(�%�X� x Z/�X�"��Y(NP�"���XW��"Yd�XK�NP�=NU�=�PWXZUL"�"����K �X���PK RP�(�=W��[ZUM2�kN�� ���"O �q�(W(y
� � �X�"K��V���(Yd�XK�NP�4���+��K�M�M-��NPM�M�N�� �X�"K��VY(NP�"���XW��"Yd�XK�NP�ny 
 �PWXZUL"�

G
K�� <YOF.LW�"�2 � O�K ���X�"��RUZUM��(�"Y � NU��dRP�(W�� RP�(W��X�#" K��/Z��/M��[ZU��� � �

G
K���Y ��Y(M�K�Y[ZUM�M �

4
� � x �P� � Y(NP�"�"�(Yd�X� x ZU� x �kZU� �PK�W��X�;Z��/M��[ZU���

5
y 


�)��N�� �X�(W�OQK��kZUM �PWXZUL"�
(G; x, y)

K���<YOF.LW�"�2 � O�K � G
K��}���[ZU��K �"M��VZU� x x K���� ZU�"Y(� �q�d�)���(�(� �X�(W�OQK��kZUM���K��

Z���M��[ZU��� 7 � K �����QZUM�M�N�� �X�(W�OQK��kZUM����XN �kZ[RP� RUZUM��(�"Y � 3sZ���M��[ZU��� 5
2
�q�X�"�(�

(G; x, y)
K��*�XZUK x �XN �q�

R!OF. � � Q <YOF.LW�"�2 � Ody � ��L"W�NSRP� �X�kZ��V�X�"� �PWXZUL"�"�*�����P�d� � �;��ZU��� �^ZU� x %`����� �/Y(NP�"���XW��"Yd�XK�NP� ZUW��
���[ZU��K �"M��UyG� ����� ZUW��@��K �X� �X�"� �kZU��K�Y��(M��(OQ�(�%�X��NU��Y(NP�"���XW��"Yd�XK�NP�ny
% u��/� � 0 � 
������ � , O %8T6.#14,

P ′
" W R!OF. � � Q <YOF.LW�"�2 � OYX

�!T S�S=<DX � ��K�� ���(M�M��
�"N���� �X�kZ��
P
Y ��Y(M�K�Y[ZUM�M � � � � x �P� � Y(NP�"�"�(Yd�X� x y ���"K��*K�OQL"M�K��(�

P ′
K�� Y ��Y(M�K�Y[ZUM�M �

4
� � x �P� � Y(NP�"�"�(Yd�X� x y����"��NU�X�"�(W�Y(NP� x K �XK�NP�"��ZUW���N	�%R�K�N��"�(y
% u��/� � 0 � 
�� 
�� � S<T k ≥ 2 � Pk

" W <YOF.LW�"�2 � OYX
�!T S�S=<DX $ K��"Y(�

P ′
K��}Y ��Y(M�K�Y[ZUM�M �

4
� � x �P� � Y(NP�"�"�(Yd�X� x ��K �X�=RUZUM��(�"Y �fNU���X�(W�OQK��kZUM���Z�� M��[ZU���*���q�dRP�(W��

LqNP����K �"M��V� x �P� � � Y�����O �"����M�K��VK�� x K H`�(W��(�%��LkZUW��X�*NU�
Pk
y � ���*�X�"�(�6NP�"�/NU� LkZUW��X�*O �"��� �q�/Y����

� �;NP�"� � x �P�Uy $ N
Pk

K��VY ��Y(M�K�Y[ZUM�M �
4
� � x �P� � Y(NP�"�"�(Yd�X� x y , �d�

K
�q� Z Y(K�W�Y��"K �*��K �X�)Z��/OQNP���P7

RP�(W��XK�Y(�(�(y $ K��"Y(���X�"� x K���� ZU�"Y(� �q�d�)���(�(�
x
ZU� x

y
K��E7"�q�X�"�/Y(K�W�Y��"K �

K
Y[ZU�"�"NU�*M�K���K���OQNPW����X�"�(�

Z/��K����PM�� Y(NPL � NU�
P ′
y $ K��"Y(�

K
K���K�� NP�"��Y(NPL � NU�

P ′
K ��O �"�����kZ[RP��Z���M��[ZU��� � RP�(W��XK�Y(�(�(� �q�(Y[Z �"���

g(P ′) = 5
y�~=NPW��(NSRP�(W

Pk
�kZU� ZQY(K�W�Y��"K ��Y(NP�%� ZUK��"K����

5
� x �P�(�(y $ N

g(Pk) = 5
y 
 M���N

d(x, y) = 4ZU� x ZUM�Mq�X�"��RP�(W��XK�Y(�(�}�kZ[RP��RUZUM��(�"Y � Z��}M��[ZU���
3
�"��N

Pk
K�����NPW

k ≥ 2
���[ZU��K �"M��Uy

���"�^�"�#"���M��(OQO�ZB��K�M�M �q� �"��� x M�Z��X�(W(y � �����"N������X�kZ��&�PWXZUL"�"��W��(O�ZUK������[ZU��K �"M�� x �"W�K���� �X�"�
M�Z��X�(W�L"W��(���(�%�X� x Y(NP�"���XW��"Yd�XK�NP�

�U 



A

A

B

C

K2

K2

��K ���"W�� 7"y 9 AC/�WXZUL"�
G
��W�NPO , �(OQO�ZP7"y ��y � y

% u��/� � 0 � 
�� I � � O��
A
2#O .;<YOF.LW�"�2 � O
� R!S � �)O T#: "$�8. � %8T6.#14, � . �,U B � C

� R!S�R!OF. � � Q'<YOF.LW�"�2 � O� R!S � �)O T#: "$�8. � %8T6.#14,6WYX�� , O��C�$, OD� R!S � �)O T#: "$�8. � %8T6.#14,
G = (((A ◦ K2) ‖ (A ◦ K2)) ◦ B) ‖ C

" W�<YOF.LW�"�2 � O � � " % � T O��,X � ! X
�!T S�S=<DX ��K�W����VK �VK��V�[ZU���6�XN ���(���X�kZ��

d(x, y) ≥ 4
ZU� x

g(G) = 5
y ~=NPW��(NSRP�(W

G
�kZU�V�"N � x �P�

� � Y����[y 
 � �f� x �P� � � Y����}���(LkZUWXZ��X�(�}NP�"M � RP�(W��XK�Y(�(�}K��"��K x �
A
�
B
NPW

C
y � ��� ZUM�M`�X�"�(��� �PWXZUL"�"�}ZUW��

Y ��Y(M�K�Y[ZUM�M �+7�� � x �P� � Y(NP�"�"�(Yd�X� x �
ZU� x �X���"���dRP�(W��=� x �P� � � Y��������(LkZUWXZ��X�(�}NP�"M � NP�"��RP�(W��X�#"`y
��N�Y(NP�"���XW��"Yd���PWXZUL"�"����K �X���PK RP�(�QW��[ZUM��kN��.���"O �q�(W����}�"�(� x ZU�QNPW x �(W�K�����NU�`��WXZUYd�XK�NP�"�(y , �d�

r = p/q, p > 1, q > 1, (p, q) = 1
y����"�(� �X�"�(W����#"�K����V�)��N �"�"K ?��"��K��%�X�D�P�(W��

0 < a < p
ZU� x

0 < b < q
���"Y ���X�kZ��

pb − aq = 1
y ���"�V���"O �q�(W

a/b
K��}Y[ZUM�M�� x �X�"� � S<R!O T 1 .8T O��4��NU�

r
3
Λ(r)

5 y
���"�����"O �q�(W

a′/b′ = (p − a)/(q − a)
K���Y[ZUM�M�� x �X�"�'� 1 1 O T 1 .8T O��4�!NU�

r
3
Υ(r)

5 y
���"�(���/ZUW��*�X�"� �kZU��K�Y�L"W�NPLq�(W��XK��(��NU�

Λ
ZU� x

Υ
y

% u��/� � 0 � 
�� 0 � � O��
r = p/q � p, q > 0 � Λ(r) = a/b � Υ(r) = a′/b′

X � , O��
Λ(r) < r < Υ(r)

Λ(Υ(r)) ≤ Λ(r)

Υ(Λ(r)) ≥ Υ(r)

Υ(r) ≤ (a + 1)/b

� S<T r > 4 : Υ(r) ≤ (a − 4)/(b − 1)

|}N��4��� Y[ZU��L"W�N�Y(�(� x �XN��X�"�{Y(NP�"���XW��"Yd�XK�NP��K �X���(M � y ���"�{Y(W�K �XK�Y[ZUMPLkZUW���K��!�X�"�{L"W�N�NU��NU����NPM�M�N���K����
M��(OQO�ZU�(y
% u��/� � 0 � 
�� $�� � S<T OF. ��,

4 < p/q < 5 � (p, q) = 1 � a/b = Λ(p/q) � a′/b′ = Υ(p/q)
�$, O T O

O��G" W�� .E<YOF.LW�"�2 � OI� R!S � �)O T#: "$�8. � %8T6.#14, G � W��4��,B�$, . �8<YS<T a/b ≤ r < a′/b′

Lr(G) = 〈−(qr − p + 1), qr − p + 1〉 .

� S<T r < a/b
Lr(G) = ∅.
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�!T S�S=<DX � � ��K�M�M �"���VK�� x �"Yd�XK�NP��NP�=�X�"� x �(�"NPOQK��kZ��XNPW(y � �
Λ(p/q) = 4/1

�k�X�"�(�
p/q = 4 + 1/k

y
Υ(p/q) = 4 + 1/k − 1

y , �d�
G = Pk

y����"� �PWXZUL"�
G
�XZ��XK��>�k�(���X�"��Y(NP� x K �XK�NP�"��NU���X�"���X�"�(NPW��(O=y


 �����"OQ���"N��)�X�kZ��
Λ(p/q) > 4

� � �VK�� x �"Yd�XK�NP�V� ��LqNU�X�"�(��K��(�P�X�"�(W���K���Z}���[ZU��K �"M��{�)��N�� �X�(W�OQK��kZUM
�PWXZUL"�

G′
�"���"Y �=�X�kZ�����NPW��dRP�(W��

Λ(a/b) ≤ r < Υ(a/b)

Lr(G
′) = 〈−(br − a + 1), br − a + 1〉 .

�kW�NPO , �(OQO�Z�7"y ��y 7"�
Λ(a/b) ≤ a/b

�
a′/b′ ≤ Υ(a/b)

ZU� x
Λ(a/b) ≤ a/b ≤ r ≤ a′/b′ ≤ Υ(a/b)

�
��N^��NPW

a/b ≤ r < a′/b′ Lr(G
′) = 〈−(br − a + 1), br − a + 1〉

y
, �d�

Q = G′ ◦ K2
y � � , �(OQO�Z 7"y 9 y 9 �

Lr(Q) = Lr(G
′) ∩ Lr(K2) = 〈−(br − a + 1), br − a + 1〉 ∩ 〈1,−1〉 .

� �
br − a + 1 < 1

�,���"K�Y � K�� �D?��"K RUZUM��(�%� �XN
r < a/b

�,��� �kZ[RP�V�X�kZ��
Lr(Q) = ∅

y ���"K�� ��K�M�M �q�
�XW��"�*��NPW�ZUM�M2�PWXZUL"�"��Y(W��[Z��X� x ��W�NPO �X�"K�� �PWXZUL"� � � Lq�(W���NPW�OQK���� ��NPK����XN �X�"��NU�X�"�(W@�PWXZUL"�"�(y��kW�NPO
�"N�� NP���������"L"LqNP���

a/b ≤ r < a′/b′
yCF-M����

Lr(Q) = 〈1, 1 + br − a〉 ∪ 〈−1 − (br − a),−1〉 .
, �d�

R = Q ‖ Q
y����"�(�

Lr(R) = 〈1, 1 + br − a〉 ∪ 〈−1 − (br − a),−1〉

+ 〈1, 1 + br − a〉 ∪ 〈−1 − (br − a),−1〉

= 〈−(br − a), br − a〉 ∪ 〈2,−(2a − 2 − (2b − 1)r)〉

∪ 〈2a − 2 − (2b − 1)r,−2〉 .

, �d� �"N��
G∗ = R ◦ P ′

yC� ���kZ[RP�
r − 4 < 2

y!�kW�NPO , �(OQO�ZP7"y ��y 7"�����VN	��� ZUK��
r < a′/b′ ≤

(a + 1)/b
y �}��K����

r − 4 < 2a − 2 − (2b − 1)r
��W�NPO , �(OQO�Z 7"y ��y 7"�����&�P�d�

r − 4 > br − a
��N

Lr(G
∗) = 〈−(br − a), br − a〉 .� �

Υ(p/q) = 5
�"�X�"�(�

q = b + 1
ZU� x

p = a + 5
y , �d�

G = G∗ ‖ P ′
y����"�(�

Lr(G) = Lr(G
∗) + Lr(H)

= 〈−(br − a), br − a〉 + 〈−(r − 4), r − 4〉

= 〈−((b + 1)r − (a + 5) + 1), (b + 1)r − (a + 5) + 1〉

= 〈−(qr − p + 1), qr − p + 1〉 .

~=NPW��(NSRP�(W(� � � , �(OQO�Z 7"y ��y � �
G
K������[ZU��K �"M��Uy

� �
Υ(p/q) < 5

��� � K�� x �"Yd�XK�NP�/� ��LqNU�X�"�(��K��(�%�X�"�(W���K��-Z ���[ZU��K �"M����)��N�� �X�(W�OQK��kZUM �PWXZUL"�
G′′
�%���"Y �

�X�kZ�����NPW
Λ(a′/b′) ≤ r < Υ(a′/b′)

Lr(G
′′) = 〈−(b′r − a′ + 1), b′r − a′ + 1〉 .

, �d�
G = G∗ ‖ G′′

y $ K��"Y(� � � , �(OQO�Z 7"y ��y 7"�
Λ(a′/b′) ≤ a/b

ZU� x
a′/b′ ≤ Υ(a′/b′)
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