
���������
	������	��������������	������������������
� ������!"	$#%���'&��(	�)����*�+	�����,.-�/0)1#2,3����,4�5��6

78���9�����*�(	�����,
�������������,;:<���>=5����,?�@	$#

A�BDC%BFEGEGH%E IJH�KMLFN OPLRQTS�UVS9LDWXQ
LDY Y�S(WZS�UJH B\[]U^LFN_B`UaB

bacedgfih"jlknm(hod8pqd

rts�u*swvFxzy|{�}

~T�������"���.�
��j��e����������j"���wjice�(pqd8�>c��;������ce�1�(��m(��� �wjic�f8p>d8�>c��ec
� �e���e�



� m(hoj8h������(h��o�@cej�h;fim c?f	��
lj8�ef8h;fim(pqd�fim(hod8pqd�������.d8ho�q���
���(���	
lp fim f8m(h�m+h"���T�e�1f8m(h�j�ho� h"j�h"���oh�� �>p fihojic�f��(j8h���(���(hoj
fim(h���c�j8ho���+��d�����h"jg�
pqd8pq��� �e�����Tfim(hod8pqd�c��+�.p>d8�ej"�

� �"�o�"�o�"�"�o�"�o�"� �"�"�o�"�o�"�"�o�"�o�"� �"�"�o�"�o�"�"�o�

�



� K�� WXL�� EGH%I��FH�N H%W]U^Q

� 
 � �(��� �qp��eh*f8� fim c��	�Tf8� � � c �+�.pqd8��j �+j8�e��� �wjice�(pqd8�>c�� �l�3��ce�;� �ejnm(p>d0pq� �ec�����

c �(�>h� �(p�� c����"h|ce��� �Tce�� �(d�ho���(��d �	����hod�fipq���(d ���(j�p>�	� ��� 
 ��j��;��� fim+p>dnfim(hod8pqd"�

� d���h��"p>ce��fim ce��� �e� �����.h"dwf8�����t��c �tp>��� � ��jwf8m(h"pqj d ��������j�flc���� ��c�j8he�+ce���;f8�
���;� j8pqh"���+d0� ��j � hop>�	�4d ��� mad � ��� ���qdn�e��m(� ��h c���� �+hofihoj��tp>� c?fip>�e�1�

�



� � Q UJC%BZK U

��ham c��eh d�f����(p>h��%fim+h ����d8d�p��(pq�>pqf8p>hod �e��� cej8ce�>�qh"� �(h��"� � ����d8p fip>�e� �e�c��(hof8h"j 

�Tpq�(p>dgfip���� �+pqfihTc �+f8� �Tc�fi���'p>� f8� c � c�p>j<�e�lc �
fi� �Tc�f c d�� � m`f8m c�f|fim(h �Pc�j8h � �ef8m
d8p�� �(�qh"jfim(ho�Pfim(hT��j8p ��p>�(ce�����(h������+f fim(hTj8hod��(� fid����0fim(hop>j|p>���+h���h"���(ho� f	�"� � ����

f c�f8p>���(d ����ce���p>��� �+f 
w��j � ��ce���+hofihoj��tp>�(htfim(h j8h"d �(�qf��e� �"� � ���
f c�f8p>���'�e�nfim+h
��j8p ��p>� c�� c��+fi� �Tc�f8���1����h*m c��eh��(d8h�� f8m(h*j�h"d��+�qfid �(h"d �"j8p��(p>����fim(h �(h��o� � ����d�pqfipq���(d
�e��d8h�� �+h"� fip>ce� �Tc � m(pq�(h"do�(ce���;ce�>d����(h�� �(h�� d�ho�eh"jic��1�(h�
 �9p>� �(d �e� �+h��"� � ����d8p fipq���1�
knm(h"� 
 h4m c��eh �+j8����h�� d8� �Th��o�����(p fipq���(d�� ��jh	�
p>d�f8h"���oh4�e��d���� m �(h��o� � ����d�pqfipq���(d
ce���apq�(d���h�� fih�� j�h"�@c?fip>�e�(d8m(p��(d ��hof 
wh"h"� fim(h�� �
� h|m c���h ce�qd8�4d�f����(p>h�� f8m(h��"�@c�d8d8hod
�e���(� �(h��o� � ����d8c �(�>h�ce� ����h"j�� h��of8�����(h��"� � ����dic �+�>h��@ce��� � c ��hod�ce��� 
 h�m c���hwd8m(� 
l�
fim c�f�fim(hoj8h h��
pqd�f<c �
fi� �Tc�f c4� ��j �t��dgf �(h ��j8hoh"d<�e� �(h��"� � � �edic �(pq�>p f � � j8� �Dfim+h p>��

fih"jg��ce� ��pq�eh"� ��;fim(hod8h<f 
 � ��� �(��� c�j8p>hod"�

���������������� �+hofihoj��tp>�(pqd�f8p���� �(p fihGc �
fi� �Tc�fi�e�1� � cej8ce�>�qh"� �(h��"� � ����d8p fip>�e�1� �(h 

�"� � � �ed8pqf8p>��� �e��dgf c�f8h�� hom c��
pq��j

�



���������	�
���

 ����� �3������� � ��� � �

� � ���������P� ��� �?� �
� �!� �#" � �$�%� ��� � &

' ( �*) � �������,+-�*���.�0/2����� � � � � � �213+-4 ~ 2

5 6
� )��9�8739:/;�
�4�21<+-�*���.�0/2����� � � � � *&

= >-� ���*���.�0/2��� �@? ���BA �!��C � �%C �.� �2&

� +D� C �E�F�.� �213+D�*���.�0/2��� �@? �G��� � 9 '2&

H I � � �J��������� � 5 H

K �F1L�9�E� � �M�.� 5�&

N



� � �����������	� ��
 ���

��hof8h"j��tp>�+p>d�f8p�� � �(p fih�c �+fi� � c�f8��� pqd c d8p�� �(�qh �o� � ���+f c?fip>�e� ce� �t� �(ho� 
lpqfim;c 
lp��+h
jice�	�eh|��� �(j8c �of8p��"ce��c ���(�qp��"c�fipq���(d"�.p>� �"��� �(p>�	� m(cej�� 
 cej�h �(hod8p ���1� � c�f��(jic��1�@ce��� � c ��h
�(j8� �"hod8d8pq�	�(� �t� �+h"� � m(h�� �9p>�	� ce��� � ce�� �efim(hoj8do�

knm(h��(�efipq���a��� � �(p fih�dgf c�f8h c �+f8� �Tc�fi��� 
 ced � j8dgf*pq�9f8j8� �����oh�� �� b �� �(�q�>� � m
ce�����2pqf�fid�������fi� �T� �(ho� �(j�� �oh"d�d8h"d�p>�P�(h��(jic�� �oh"�>�qd"���
p>� �"hTf8m(h"�$��� c����z� ��j � c�� 

p���c?fip>�e�(d 
wh"j�h �(h ��ho�>� ��h��`ce� �Pd�f����(p>h��1� knm(h�� ��c���� h �(pq�.p��(h���p>� fi� f 
 � �Tc�����j
��j8� � �(d��2fij8ce�(d �����"hoj8d�ce��� c ���oh��+f8��j8do�

knm(h �t��d�f 
lp��(hod��(j�h�c � �T� �(ho�>dl�e��c fij8ce�(d�� ���"hoj*cej�h|f8m(h�� ��� � "! $# � � ��%�& �('*)
!,+-� �/.��10321+4' � �ace���%f8m(h"pqjTd � h��"p>ce� �"ced8h��0fim(h5� � ��� �6! $# � � ��%�& �('*!,+-� �/.��10321+4' � � �
knm(h"d�h 
wh"j8h � j8dgfl� ��j��Tce�>p7�"h�� ����8n�:9 ��b �
��j�h<p>�;� ��� ��ce� � c ���"��j �(p>�	� f8�;b �.��j�h < d
� ��j����+�@c�f8p>���1�.fim(h|� �+f����+f��e��c �Tc � m(pq�(h�
0ced �(h�� ho���(h"� f�e�(��� �e� p fidld�fic�fih�� knm(pqd
�"�����oh��+f 
0c�d ��ho�(h"j8ce�>p7�"h�� ��>= ��? ��b h"ce���zpq�@� � � ��f8m(ht� �+f � �+f|�e�0m(pqd�� c � m+p>�(hod

0ced �(h�� ho���(ho�9f ce�qd8���� fim+hn�@cedgf2p>��� �+f�d � ������� � � � ��h"�(hojice� �9ce�>�9fij8ce�(d �����"hoj8d�j8h"c �
c<d�h����(ho���"h��e��p>�����
f�d � �������>d2c���� ��h"�(hojic�f8h�ce� � �+f����+f�d8h�� �+h"���oh �(h�� ho���(pq�	�|ce�>d��
��� f8m(h"pqjnp>� fihoj8� c��1d�fic�fih���
lm(p�� m p>d �t� �+p � h�� ���(j8pq�	� fim(h��o� � � �+f c�f8p>���$�

A �4fim(h��efim(hoj�m ce���1�
c ���"h��
fi��j�d �(� �(�ef �(j8� �����oh*ce��4� �
f ���+fwd8h����(h"���ohe��knm(h��
� �(d�fnj�h�c �;ce�;p>� ���+f0d�h����(ho���"hCB c 
 ��j �:Dwc���� �T� �(p � � fim(hop>jwp>� fihoj8� ce��d�fic�fih�c ���o��j�� 

p>�	��� ��� � ��f8h"j�j�h�c �(pq�	�*fim+h 
lm(���qh0p>��� �+f�� c��4c ���oh��+f8��j2h"p fim(hoj2c ���oh��+f8d���j5j�hE��h�� fid2fim+h

 ��j �1� �(h�� ho���(p>��� ��� fim(h�d�f c?fih pq� 
lm(p�� mzm(pqd �o� � � �+f c�f8p>���am c � � �(pqd8m(h��1�<knm��(d
h�c � m c ���oh��+f8��j �(h��(�(h"dwc�@ce�	� � c ��hnc�d�f8m(hld8h fw���$c��>� 
w��j��+d�p f�c ���"h��
fid"� A �(hl�e��fim+h
�T��dgf��"� � �(j�h"m(ho�(d8p ��h j�h"d8� �(j��oh"d<���zc ���"h��
fi��j�d c���� fim(h	�o�@ced�d*�e���@c��	� � c �eh"d�f8m(h��
��ce� j�h��o�����(p7�"h|p>d�c ���
��� ����F+�G8n�G?�� � �"j8����f*ce� �HF+�����GI��>��� c��>� � � �lknm(h��t� �(h"�
fim c�f p>d�p>�4fim(h �"ho�9f8h"j0����d��o� � h��e�1f8m(p>d�fim(hod8p>do� �+hofihoj��tp>�(pqd�f8p�� � �(p fih�c �+fi� � c�f8���1�9p>d
fim(h<d8p�� �+�>h"dgfnf � � h<�e�5c ���oh��+f8��jld�f����(p>h��1�

9 ��j�fim(h � j�d�f�f � ��hl�e� � �(p fih0dgf c�f8h � c � m+p>�(hodKJ fim+h fij8ce�(d�� ���"hoj8dLJ fim+h"j8h 
wh"j�h
d�f � �(p>h�� � ce�� 
 c �
d ��� �"� � � �ed8pqf8p>���z�e�0d8p�� �(�qh"j � c � m+p>�(hod pq�9f8� �t��j8h �"� � �(�qh��
���(h"do�M�
� �thz�e��f8m(h'j8h"d �(�qf8d ��ce� � hz� � �(���]p>� ���
���9d;� N �|ce���N� �O� �P?�� 
 h ��h"jo�
�T��dgf<�e��fim(hod8h �"� � ����d8p fip>�e�(d�pq�9�e���q�eh d8� �th	�"� � ���+�(p��"c�fipq��� ��hof 
wh"ho��fim+h �(cej�f8d
�e� f8m(h �"� � ����d8h�� �Tc � m(pq�(h ���(j�p>�	�Pf8m(h �"� � ���+fic�fipq���1� � �>d��(��d8p>� �"hGfim(hod8h'cej�h
�"� � � �ed8pqf8p>���+d0�e��fijic��(d���� �"h"j�d"� fim+h�� �(�4�(�eflfic �eh|c ���"h��
f ce���oh pq� fi�tc ���o� �(� f��

9 ��j�c �(h fihoj��tp>�(pqd�fip�� � �(pqf8h�c��+fi� �Tc�f8���1��pqf�p>d�ce�apq� fih"j�h"dgfip>��� ���(h"dgfipq���afi�;ced �

lm(hof8m(h"j p f��"ce� � h �(h��o� � � ��d�h���pq�9f8� c �(cep>j|�e��c �+f8� �Tc�f c d���� m�f8m c�f�f8m(h�� cej�h
� �ef8m d�p�� �(�>hoj�fim(ho� fim(h���j�p���pq� ce�(���+he� ���+f�fim(h�j8h"d �(�qf8dw���1fim(hop>j�p>� �(h���h"���+h"� f �o� � 

���+f c?fip>�e�(d0��� ce�� p>�����
f 
w��j�� ��c�� �+hofihoj��tp>�(h�fim(hj�h"d �(�qfn����f8m(h �o� � � �+f c�f8p>��� �e�
fim(hn��j�p���pq� ce�9c �
fi� �Tc�fi�e�1� � � 
wh0f c �ehlc ���"h��
fip>���*��j�j�hE��h�� fipq�	�*�e� f8m(h0p>� ���+f�
w��j��4c�d
c�j8hod��(� f���
 h*d�h"h�fim c�fwfim(pqd �o� �(��� ��h�d8�e�q��h�� �� �+h��"� � ����d8pq�	� ce� c �+f8� �Tc�fi���tp>� f8�
f 
 �|d8p�� �(�qh"j5c �+fi� � c�fic�d�� � mtf8m c�f2fim+hnp>� fihoj8d8h��of8p>��� �e��fim+hn�@ce�	� � c ��hod5fim(h � c ���"h��+f
p>dnfim(h|�@c��	� � c �eh<c ���oh��+f8h�� �� fim+h|�ej8p��ep>� ce�$c �+f8� � c?fi���1��knm(pqd ���(hod�f8p>��� p>dlh����(p � 

ce�>ho�9f�fi�tfim(h ���(h"dgfipq���a�e��h��
p>dgfih"� �"h�����ctd�p�� �(�>hojQ� � R+ � ��� �@ce��� � c ��h<d ��� m fim c?f�p �

�




 h �9�(h�
Vf8m c�f|ce�q�5pq�����+f�
w��j��+d c�j8h � j8� � fim(pqd�@ce��� � c ��h��1fim(ho�'f8m(h �@c��	� � c �eh �e�
fim(h<��j�p���pq� ce�1c��+fi� �Tc�f8��� �"� �+��� � hj�h��o�����(p7�"h�� �� d8� �thd8p�� �+�>h"j0c �+fi� � c�f8���1�
+-��� � � � � � � ������� �(!

L1 � � � ��� '	� & �
� ���K� �(!
A = (K, Σ, δ, q0, F ) � � � � �(! ���$. +4'*)

+ �(!,+ 0� '*+4! � � &1! � .�� ! � ' � � � '	� & �
� � �1030 � # ! � � �  !42 � � & ! � .�� ! � '
A

lp fimGc �
�
pqd8�ej

L1

+ � !42 � ��� '	� & �
� �
L(A, L1) = {w ∈ L1|(q0, w) `∗

A (q, ε) ∧ q ∈ F}.
� �Tpq�9f��(pqf8pq�eh �Th"ced��+j8h��e� f8m(hld8p�� �(�qp��opqf �|�e��c��(h fihoj��tp>�(pqd�fip���� �(p fih�c �+f8� �Tc�fi���


 h d�m ce�>� �(d8h pqd�fim+h ��������h"j�e��p fid*dgf c�f8h"d"�|knm(pqd*�(�ef8p>��� ��� c��+�.p>d8�ej�p>d�fim(h��(ced8p��
�T�ef8pq��c�f8p>��� ��h"m+p>��� � �(jnh��$�ej�f��

� �tfim(pqd�f8m(h"d�p>d"��
wh�d8m(ce�>� pq�(d���h�� fwf8m(h �o�����(p fip>�e�(d2� ��j�h��
p>dgfih"� �"h*c���� �(j�� ��h"j�f8p>hod
�e����cej�p>� �+d �.pq���(dl�e� � cej8ce�>�qh"� �+h��"� � ����d8p fipq��� �e� �(hof8h"j��tp>�+p>d�f8p�� � �(pqf8h|c �+fi� � c�fic+�

� � �
h��of8p>��� �.� 
whGd8m(ce�>��j8h���ce�q��d�� �Th 
 ho�>� 
 �9�(� 
l�%��c �of8d ce��� pq� fij8� �����ohafim+h
�(�ef c?fip>�e� �(d8h��a�@c?fih"jo�

�
h��of8p>��� � h�� �(�>�ej8h"d f8m(h �(j8� ��h"jgfipqh"d �e� � hom c��
pq��j �(h��"� � � �ed8pqf8p>���+d;�e� � 9 � �

lm(p�� m �o� �th � �
f �e��fim(h �"�����oh��+f �e� # � � � �4� �(� � �30 � . # � �(+4!-+ � ' �����(! � ! � � �32 � R+ ����(h�� �+h�� � ��j<d�h����(h"� f8p@ce� � c�� m(p>�(hod pq� ����� � ��h �+j8����h c �(h��"hod8dic�j � ce��� d ��� �"pqh"� f
�"�����+pqfipq����� �ej�h��
pqd�fiho���"h �e�nfim(hod8h �+h��"� � ����d8p fipq���(d"��j8ho�@c�f8hTp f f8�afim(h �"�����oh��+f �e�
c �+�.p>d���j8d2c���� fim(ho� � �+f8�>p>�+hwd�� �Thwj8h"ced8���+d5fim c?f ��ce���(j8h ��h"� f�fim+h0h��
p>dgfiho���"hn�e��d ��� m
�(h��o� � ����d�pqfipq���1�

� � �
h�� fipq��� � � 
 h �(h��(�(hw�+h�
 f � ��h"d��e���+h��"� � ����d8p fipq��� ���� �ed8p>���nj8h����(pqj8h��Tho�9f8d
fim c�f|d ��� m��(h��"� � � �ed8pqf8p>���Gd�m(� �(����d8c�fipqd�� ���afim+h"d8htj8h����(p>j�h��th"� fid �(h"d �"j�p���h 
lm c?f

 h4d8m+� �(��� ��htc �(�>h fi� �(hof8h"j �Tpq�(h4c ��� �+f*f8m(h4j8h"d �(�qf<����f8m(h �"� � ���+fic�fipq��� �e��fim+h
��j8p ��p>� c�� c �+f8� � c?fi���1� �9�(� 
lpq�	�|f8m(h�j8h"d �(�qf8dw��� �"� � ���+fic�fipq���4�e� ���ef8m c �
fi� �Tc�f cpq�
pqfid �(h��"� � � �ed8pqf8p>���$����h�ce�qd8� �(h"j�pq��h�d8� �th �"�����+pqfipq���(d2� ��j�h��
p>dgfiho���"h*���1fim(hod8h��(h�

�(h��o� � ����d�pqfipq���(d ce��� p>�+d���h��of0j8h"�>c�fipq���(d�m(p��(d ��hof 
wh"h"� fim+h"d8h�+h�
 �(h��o� � ����d�pqfipq���(d
ce��� fim(h���h"m c��.p>��jn�e�(h"do�

��h �+h�� �(hTfim(h �"�@c�d8d8hod��e�nce�>�2j�h � �(�>cej|�@ce�	� � c ��hod�
lm+��d8h �tp>�+p��Tce��c �
fi� �Tc�f c
cej8h �(���(h��"� � � �edic �(�qhw� ��j�h�c�� m f � ��h0�e���(h��o� � ����d�pqfipq���1��ce��� dgf ��� � f8m(h �(j�� ��h"j�f8p>hod
�e��f8m(h"d�h �"�@c�d8d8hod4p>� �
h��ofipq��� N � � h d8m+� 
 fim(c�f fim(h �+���(h��o� � � ��d8c �(pq�>pqf �'�e��fim+h
�Tpq�(p��Tce��c��+fi� �Tc�f8��� � c � �(h�� ho��� �e��fim+hTpq�����+f ce���(m c ��hof<�e�wfim(pqd�c��+fi� �Tc�f8���1�
fim(ho� 
whnh��
m(p��(pqf�d8� �th �(���+h��"� � ����dic��(�>h0�>ce�	� �(c ��h"d5ce��� �(d�h0fim(h��Zfi��p>�(d � h��of2fim+h
�"�>�ed��(j�h �+j8� ��h"jgfip>hodn�e��fim(h��"�>ced8d�h"d �(h��(�(h��1�

� ��fim+h �>ced�f d8h�� fipq��� 
 h d�f���� �Pf8m(h �(h ��j�h"h fi� 
lm+p�� m �"h"jgf cepq� c �+fi� � c�fic cej�h
�(h��o� � ����d8c �(�>h�� 9 j8� �Vf8m(h �+j8ho�.pq� �(d�d8h�� fipq���(d 
wh �9�(� 
 fim(c�fwf8m(h"j�h*cej�h �+���(h��o� � 

� ��d8c �(�qh�c���� 
wh"�q� 
 �(h��o� � ����d8c �(�>h c �+f8� � c?f c+����
fw�+� 
 
 h�ce�qd8�<h��
m(p��(pqf�c �
fi� �Tc�f c
fim c�f ��c�� ��h �+h��"� � ����d8h��1� � �+f|h�c � m�c��+fi� �Tc�f8���zp>�Gfim(h �(h��"� � � �ed8pqf8p>���zm c�d|f8�
m c���h ���(� �z���(hTd�f c?fih;�qh"d8d|fim c�� fim(hT��j8p ��p>�(ce��c �+f8� � c?fi���1� knm(ho��
 h d8m(� 
\fim c?f
� ��j*d8� �Th�f � ��h"d<�e� �(h��"� � � �ed8pqf8p>��� �T��dgf�e�2f8m(h ��ce���(hodp>�af8m(h p>� f8h"j���ce� � h f 
 hoh"�
�(���(h��"� � � �edic �(�qh|ce��� 
 ho�>� 
 �(h��"� � � �edic �(�qhc �+f8� �Tc�f c��"ce� ��h<c � m(pqho�eh��1�

�



� � � ���(
�� 
 ��� �L
 �	��� �	� 	 � �
� ��
 ���

� ����j �(h"j*f8� �(�(pq� � fim+ht�+�ef c�f8p>��� ce���zj8h���ce�q�5fim(h	�o�����oh��+f8d �(d�h��zfim(j�� �	��m+� �+ffim+h
fim(hod8p>do� 
 h d8m ce�q�9p>� fij�� ��� �"hncl� h�
 �(h��(�(pqf8p>���(d5ce��� dgf c�f8h0d8� �Th 
 ho�>� 
 �9�(� 
l� j8hod��(� fid"�

� ���>h f8fihoj
Σ
� 
 h�d8m(ce�>� �+d�� ce�q��� �(h"�+�efih�ce�C� � #*2 � � �(!���p � he��c�� �(pqf8h2d8h f����
d � ��� �e�>d"�95p>�(p fihld8h����(h"���oh"dn�e�1d � �������>d�� j8� �

Σ
c�j8h ��ce�q�>h�� ���������*���eh"j0c����(m c�� h f

Σ
ce��� 
wh

d8m ce�q� �(d � ce�>� � �+h"�(�ef8h*fim(h�� �� �qhof8f8h"j�d
u
�
v
�
w
� �"�o�8knm(h|�>ho�	�efim ����d ��� mad�h����(ho���"h

w
p>d �(ho�(�efih��

|w|
c���� ��c��>�>h�� � �('	� !42%�e� 
w��j��

w
� fim(h 
 ��j � 
lpqf8m��>ho�	�ef8m�� pqd

j8h��+j8h"d�h"� fih�� ��� f8m(h|d � �������
ε
� knm(h���������h"j��e�5� �����(j�j8h"� �"h"d��e�2c ��pq�eh"�a�qhof�fih"j

ap>�'c 
w��j �
w

pqd �+h"�(�ef8h�� ��
#a(w)

� knm+hTd�hof|�e� ce�>� 
w��j �(d ���eh"j ce���(m(c � h f
Σ

pqd
�(h"�(��fih�� ��

Σ∗
�

� ��� '	� & �
� �'p>d ce��]d8hof �e� 
 ��j �(da���eh"j
Σ

ce��� p>d �(d��(ce�>� � �(h"�+�efih�� ��
L
�

p � he� �
L ⊆ Σ∗

�6�
pq���"hTce����@ce�	� � c ��h
L
��ce� � h �"���+d8p��+h"j8h��P����hoj�� c���� �+p � h"j8ho� f

ce���(m(c � h fido� ���
ΣL


 h d�m ce�q���(h"�+�efih f8m(h	�Tpq�(p��Tce��ce���(m c ��hofd ��� mzfim c�f
L ⊆ Σ∗

L

�
b ��j8h<��� fim+h"d8h � ced�p����o�����"h��+fid ��c�� ��h*� � �(��� p>�;� � � �

��� 
��>hof �(d �(h��(�(h �(h fih"j �Tpq�(p>dgfip�� � �(pqf8h�c �+fi� � c�f8���1�.c d�p�� �(�>h �o� � ���+f c?fip>�e� ce�
�T� �(h"� fim c�f 
lpq�>� ��h<p>�;f8m(h��"h"� f8h"j��e�5� �(jlp>� fihoj8h"dgf��
+-��� � � � � � � � ������ �+hofihoj��tp>�(pqd�f8p�� � �+pqfih<c��+fi� �Tc�f8�������� ��� + � � %�& +4'*!-&�# � �
(K, Σ, δ, q0, F )

� �(&:032>!42 � !
K

+ �"�  '*+4! � � �(! �����(! � ! � ���
Σ

+ �"�  '*+4! �C+4' # &1! � � )
#*2 � � �(! � q0 ∈ K

+ �"� ' +4'*+4!,+-� � �(! � ! ���
F ⊆ K

+ � � � �(! �����1030 � # !,+4'	� �(! � ! � � � ' �

δ : K × Σ → K
+ � �C! ��� ' �(+4!-+ � ' �$&1' 0(!,+ � ' �

" � �$�%� � � � � ������ h f
δ : K × Σ∗ → K

�(ho�(�efih f8m(h h��.f8h"�(d�p>���z�e��fim+h fijic��(d8p fip>�e�
���(���of8p>���

δ
��� fi��fim(h0d�hof2����ce�>�9p>� ���+f 
w��j �(d"� d ��� m fim c�f

δ(q, ε) = q
ce���

δ(q, au) =
δ(δ(q, a), u)

� �ejlce�>�
q ∈ K

�
a ∈ Σ

ce���
u ∈ Σ∗

�
+-��� � � � � � � � � � ��� �o��� � � �(jic�f8p>��� ��������� �

A = (K, Σ, δ, q0, F )
+ �5��# � + �

(q, w) ∈ K × Σ∗
���L2 ��� �

q
+ � !42 ��0(& �	� �('*!��(! � ! ��� ' �

w
+ � !42 � &1' # � �0 � � � � � # � �$!

��� ! 2 � +4' # &1! ������� �

+-��� � � � � � � � � ' ��� �"� � ���+fic�fipq����dgfih�� ���5����� �
A = (K, Σ, δ, q0, F )

+ �H�

� +4' � �� � �(��� !-+ � '
`A

� ' !42 � � �(! ���"� �4� 0 � '  � & � � !,+ � ' � ���
A

� �  ' � �5��� � � �4� ��� ���
(p, au) `A (q, u) ⇔ δ(p, a) = q

��� � �32 � �4� ���$! �(' � �$+4! �
`

+4' �(! ��� � ���
`A

�L2 �('
A+ � & ' � ��� �(! � ��� �

+-��� � � � � � � � � 5 ��� �@c��	� � c �eh c ���oh��+f8h�� ��zc � 9 �
A = (K, Σ, δ, q0, F )

+ � !42 �
� �(!

L(A) = {w ∈ Σ∗|(q0, w) `∗ (q, ε) ∧ q ∈ F}
� �L2 ��� �

`∗
+ �Q!42 � � � � �"! +4R � � ' �

! � � ' �(+4!-+ � ' 0(� � �(& � � ���
`
�

knm(h fijic��(d8p fip>�e� ���(��� fipq��� �e�wc;� 9 � p>d��e��fiho� �(h"d �"j�p���h�� ��Gc ! � � ' �(+4!,+ � ' � +-� )
� ��� . � 
lm+p�� m'p>dce�z��j�p>ho�9f8h�� ��jic��(mGd���� m'fim c?f<h�c � mz��hoj�fih	� �"��j�j8hod��������(dfi� ���+h
d�f c?fih4�e��fim(h4� 9 � ce���zh"c � m�h��	��h j�h��(j�h"d8ho� fid c f8jice�+d8pqf8p>���$��b ��j8h	�(j�h��op>d8ho���e��ce�

#



h��	��h|� j8� � �eh"jgfih��
p
f8�T�eh"j�f8h��

q
�@c ��h"�qh��

a
j�h��(j�h"d�h"� fid�f8m(h�h���� ce�>p f �

δ(p, a) = q
�

k�� �ehoh���f8m(h �(p@c ��jic �tdcedd�p�� �(�>h ced�� ��d�d8p��(�>h�� 
 htd8m c��>���(��f��(h��(p��off8jice�(d�pqf8p>���(d
fim c�f�dgf cejgf�ce��� h"��� p>� fim(h<d8c �Thdgf c�f8he� �
pq���"hfim+h<f8jice�+d8pqf8p>���;���+���of8p>���

δ(p, a)
pqd

�(h�� �+h��G� ��j*c��>��d�f c?fih"d
p
ce���zce�q���>hof�fihoj8d

a
�1p ��fim(h��(p@c �ejic � �(�.h"d*�+�ef �o��� f cepq�Gce�

h��	��h ��h ��pq�(�(p>��� p>�;fim+h<�eh"jgfih��
p
ce� � �>c � ho�>h��

a
� p f �th�ce�(dnf8m c�f

δ(p, a) = p
�

" � �$�%� � � � � � � � � �
Ak


 h'd8m c��>���(ho�(�efih'fim(h'd8h fa��� ce�q���(hof8h"j��tp>�+p>d�f8p�� �(�(pqf8h
c �+fi� � c�fic�m c��.p>����c�f �t��dgf

k
dgf c�f8h"do�Mknm(h d�hof �e�|c��>�l�@ce��� � c ��hodTf8m c�f �"ce� ��h

c ���oh��+f8h�� �� ce� c �
fi� �Tc�fi�e�;� j8� �
Ak

d8m ce�q� ��h �+h"�(�ef8h�� ���
Rk

�
knm(h �o�@ced�d��e��ce�q�
�>ce�	� �(c ��h"d5c ���oh��+f8h�� ����(h fihoj��tp>�(pqd�fip�� �(�(pqf8hnc �+f8� � c?f c�pqd5fim+h


 ho�>� 
 �9�(� 
l���"�>ced8d��e� � � � &1��� � ��� '	� & �
� � � ��knm(h"d�h �>ce�	� � c ��h"d�m c���h � c����<pq� fih"j�h"dgfip>���
�(j8� ��h"jgfipqh"d"�n�e�(h �e�*f8m(h �t��d�f � m cej8c �of8h"j�p>d�f8p��ace��� �(d�ho���(��� j8� � f8m(hGc �+f8� �Tc�fi���
� ��pq� fl�e���.pqh�
Mpqd �9�(� 
l� cednfim+h�b �
m+p>�>� 
���h"j8� �(h�knm(h"��j�h�� �
7 )��.�����*� � ������ 9�)��G����� " �.�3������� � � �(!

L ⊆ Σ∗ � � � ��� '	� & �
� ���	� 2 � � � �4� ��� +4'	�
�(! � ! �(. �('*! � � � ����%�&1+4R � � �('*! �


 �
L

+ � � � � � &1��� � ��� '	� & �
� ���
� �

L
+ � ��&1'*+ � ' ��� � � . � ��%�&1+4R � � �(' 0 � 0(����� � � � ��� � � . � �$+ � 21!,) +4'*R � �$+-� '*! ��%�&1+4R)

� � �(' 0 � � �(��� !,+ � ' � +4! 2  '*+4! � +4' � �"! �

� �� �(��� !,+ � '
RL

� �  ' � � �  uRLv ⇔ (∀x ∈ Σ∗; ux ∈ L ⇔ vx ∈ L)
+ �"� '

��%�& +4R � � �(' 0 � � �(��� !-+ � ' � +4!42  '*+4! � +4' � �"! �

��j��
���5�e��fim+p>d0fim+h"��j�h�� ��c�� ��h*� � �(��� � ��jnh	�(c�� �(�qhp>�;� � � �
I ���3�.�G� � �$9 � � � ��� �

L
+ �C� � � � &1��� � ��� '	� & �
� ��� ! 2 �('>! 2 ��� � �"! + �(! ���6&1'*+-%�& � ��� �

A = (K, Σ, δ, q0, F )
�1030 � # !-+4'	�Q!421+ � ��� '	� & �
� � � ' � 2 � R+4'	� ! 2 � . +4'*+4. &1. # � � �(+ � � �'*& . � ��� ��� �(! � ! � ��� � ��� � � R ��� �Q+ �

A′ = (K ′, Σ, δ′, q′0, F
′)

+ ��� ��� � �(&*032 ! 2 � !

L(A′) = L
� ! 2 �('6! 2 ��� � �"! + �(! � ��.��(# # +4'	�

f : K ′ → K
�(&*032 !42 � ! +4!L2 � � ���

(∀w ∈

Σ∗); f(δ
′

(q′0, w)) = δ(q0, w)
�

�
�T� ��j�h ��h"j � j�h � �(�>cej��>ce�	� �(c ��h<fim(hoj8h h	�+pqd�f8dc �(�(p � �+h��tp>�(p�� ce��c��+fi� �Tc�f8���1�
knm(h"j�hap>d4c��>d8�'c 
 ho�>� 
 �9�(� 
l� h�� �"p>ho� f;ce� ����j�pqfim � � ��j �tp>�(p��Tp7��c�f8p>���'�e��c �epq��ho�
� 9 � 
w��j �9pq�	�4p>�

O(n2)
fip��the� � fidnp�� �(j�����h��th"� f 
w��j��.pq�	�4p>�

O(n log n)
fip��th�pqd

���(h�f8� ?�� � �"j��e��f ce��� �"ce� ��h�� � �(� �;p>�H� # � � � � p>���oj8h��th"� fice� �t� �(p � �"c�fipq���4�e��fim+h
�Tpq�(p��tp��"c�fipq��� c�������j�pqf8m�� ��ce� � h� � �+��� p>�;��� � �

� �(�efim+h"j �"�����oh��+f�fim c?f 
wh�d�m ce�q��� ���"ced8pq��� ce�q��� �(d8h p>� fim(pqd�f8m(h"d�p>d�p>dnfim+h ce� ��h 

�(jicep��ld�fij ���of��(j8h ��ce�q�>h������ !-!-+ 0 � � � h��(� 
 ��p ��h�c �(j�p>h � �(h�� �(pqf8p>���4�e�1c|�>c�f8f8p��oh �+d8p>���
fim(h	
wh"�>� 
 �9�(� 
l�zfih"j �Td��� ��j �(h"jf8m(h"��j �������(jgfim(hoj �+hof c�p>�>d*ce��� �(h�� �+pqfipq���(d�e��fim+h
�(j8hoj8h����(pqd8p fihfihoj��td �"ce� � h� � �+��� pq�;������� �

�



+-��� � � � � � � � � = � � �(!
(L,�) � � � # � �(!-+-� �4�  ����� ��� � � � �(! � � �Q!42 ��� � �"! + �(! � �"� �����(!

&�# # ��� � � & ' � �� � +4'�� � �(' � ! � � �  x∨y
� � ' � � � � ��� ! � �(!G� ������� � � & ' �  . � �(! � � �(' � ! � �

�  x ∧ y
� � ���Q� �4� # � + � ����� �(� �(. �('*! �

x, y ∈ L
� !42 �(' ��� 0�� �4�

(L,�)
� �>c�f8f8p��oh �

� d � h��"p@c�� ��ced�h|����c4�@c�f�fip��"h*pqdlc � + �(! �$+ � & !-+4R �|�@c?f8fip��"h�� �(h�� �(h��acedn� ���>�q� 
ld"�
+-��� � � � � � � � � � � � �(!

(L,�) � � � ��� !-!,+ 0 � � +4!42 ! 2 �6� �����(!Q&�# # ��� � � &1' � ∨
� ' �

! 2 � � � ��� ! � �(! � ������� � � &1' � ∧
�

L
+ � �(pqd�fij�p����
fipq�eh � + �C!42 � � � �4� ��� +4'	� ���%�& +4R � � �('*! �

+ � �('*!,+4!-+ � � 2 � � � �

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)

� ��� � �4� �(� �(. �('*! �
x, y, z ∈ L

�

���



� � �������C
�� ��� �/� � � � ����
 ��
 � �-� �
	�����

� h f �(d*f c ��htc �o�>��d�h"j�q�
��� c�ff8m(h �(j8� �+�>h�� �e� �(h��o� � � ��d�p>�	� c���p ��ho� �+hofihoj��tp>��

p>d�f8p���� �(p fih c �+f8� � c?fi��� p>� fi�'f 
 ����d8p�� �+�>h"j�� c��+fi� �Tc�fic+� d ��� m�fim c?fTf8m(h�� cej�h pq�
d8� �thTd�h"�(d�h c �(�qhtf8�ad ���(d�f8pqf��+fihtfim(ht��j8p ��p>�(ce�2c �+f8� �Tc�fi���$� � d 
 hTm c���h ce�qj8h"c � �
�Tho�9f8p>���+h��1��� �(j<���+��� �th�c�d��(j�ht���0d8p�� �+�>p��opqf � �e� c � 9 � 
lp>�q� ��h4f8m(h4��������h"j|�e�
pqfidndgf c�f8h"do�

A �(j � j�d�f�c ���+j8� c � m fi� f8m(p>d �(h��"� � � �ed8pqf8p>��� �(j8� �+�>h�� p>dnp>�+d��(pqj8h�� ��;f8m(hfim(h 

��j � �e�2d�h����(h"� f8p@ce���Tc � m(pq�(h"do�b �.��j�h ce���Gb h�ce� � f � ��h d�h����(h"� f8p@ce� � c � m+p>�(hod*cej�h
c �(d�f8jic � f �o� � ���+f c?fip>�e� ce� �t� �(h"�qd�d8p��Tpq�@cej�fi���(hof8h"j �Tpq�(p>dgfip�� � �(pqf8h�c �+fi� � c�fic+��knm(h
p�� � ��jgf ce� f �(p � h"j�h"���oh pqd fim(c�f d�h����(h"� f8p@ce� �Tc � m(pq�(h"d �(� �(��f m c���h;ce�� d � h��"p �(h��
p>�(p fip@c��1d�fic�fihod��(��j � � ce��dgf c�f8h"d"� ���(� � ctfij8ce�(d�pqfipq��� ���(���of8p>��� fim c?f �(h fihoj��tp>�(hod�fim+h
� m ce�	��hodw��� f8m(hld�f c?fihn�e�$cd8h����(ho� fip@c�� �Tc � m(pq�(h � c�d8h��T���4d8� �thnp>� ���+f�� � � � � cej8h��
fi� �(hof8h"j��tp>�+p>d�f8p�� � �+pqfih c��+fi� �Tc�fic+�wd�h����(ho�9f8p@ce� �Tc � m(pq�(h"dtce�qd8�zm c���hace� � �+f ���
f
���(���of8p>���$� � d 
wh �e�(��� 
 ce� f�f8�ah	� �+�>��p f|f8m(htp��(h"ced ��h"m+p>���'fim(h �(h��o� � ����d�pqfipq���(d
�e��d�h����(h"� f8p@ce� �Tc � m(p>�+h"d"��
wh �(�T�+�ef��(h"h�� f8�Tpq�9f8j8� �����oh<f8m(h� ��j��Tce� �+h�� �(p fipq��� �e�
fim(pqd �t� �(h"� �

knm(h ����d�d8p��+p>�>p fipqh"d��e� �(h��o� � � ��d�pqf8p>��� ��� d�h����(ho�9f8p@ce� � c � m+p>�(hod 
 hoj8hlp>� f8h"�(d�pq��ho���
d�f � �(p>h�� ce���;fim+h*j8hod��(� fid �"ce� � h�� � �(���;� ��jwh��+c � �(�>h�p>�H� N � � � �O��c����5� ��� � ��h*d8m(ce�>�
�(d8h fim(h �"�e���"h��+f ���*c # � � � �4� �(� � �30 � . # � �(+4!-+ � ' ��� �(! � ! � � �32 � R+ ��� �e��d8h����(ho� fip@c��
� c � m+p>�(hod"� 
lm(p�� m p>d �th"� fipq���(h�� pq�>��� � � ��h<d8m ce�q� �T� �(p � �Tf8m(p>d �(h��"� � � �ed8pqf8p>��� f8�
�(f2fim(hn� ��j � c��>p>d � ce��� ���(j � �ed8hl�e� �(hof8h"j �Tpq�(p>dgfip�� � �(p fihlc �+f8� �Tc�f c B p � he� ��fi�<c ���"h��+f
� ��j��Tce�5�>ce�	� �(c ��h"d D 
lpqf8m(� �+f�q�
�ed8p>��� fim(h �o���(�(h��ofipq��� 
lpqf8mzf8m(h4d�f8j8���	�e��� j�h"�>c�fih��
ce��� �(d8h ���(� �"�����oh��+f��e��� ��� � # � �$!,+4!-+ � ' � �

� hof��+d�� h ��p>� �� � ��j � c��>��� �+h�� �(pq�	� fim(pqd��(h��o� � � ��d�pqf8p>��� �t� �(p � h��a� ��j � �+pqfih
c �+fi� � c�fic+�(c���� f8m(h"� d8m+� 
Md8� �th�e��pqfid �+j8� ��h"jgfip>hod"�
+-��� � � � � � � ' ������ � � �

A′ = (K ′, Σ, δ′, q′0, F
′)

+ � ��� + �H! � j8h�c��>p��ohtf8m(h;dgf c�f8h
� hom c��
pq��j ���C� ��� �

A = (K, Σ, δ, q0, F )
+ ��! 2 ��� ���"! + �(! �C� ' +4' � �30(!-+4R ��.��(# # +4'	�

α : K → K ′
�(&*032	! 2 � !

 + �
(∀a ∈ Σ)(∀q ∈ K); δ′(α(q), a) = α(δ(q, a))

�

 +4+ �
α(q0) = q′0

� ��� � � R ��� �
A′

+ � ��� + ��! �Tj8h"ce�>p7�"h�f8m(hd�fic�fih<ce� � c����"h��+f c����"h���h"m c��.p>��j����
A
� + � +4'

� � � +4!,+ � ' !42 � � � �4� ��� +4'	� # � �3# ���$!  2 � � �����

 +4+4+ �
(∀q ∈ K); α(q) ∈ F ′ ⇔ q ∈ F

�

+-��� � � � � � � ' � � � � 2 � � cej8ce�>�qh"���o���(�(h��ofipq��� ��� ! ������� �
A1 = (K1, Σ, δ1, q1, F1)� ' �

A2 = (K2, Σ, δ2, q2, F2)
+ � ! 2 ����� �

A = A1||A2 = (K1 ×K2, Σ, δ, (q1, q2),
F1 × F2)

�(&:032�!42 � !
δ((p1, p2), a) = (δ1(p1, a), δ2(p2, a))

�

� �



+-��� � � � � � � ' � ' ��� # � + � ����� �(! ���$. +4'*+ �(!,+ 0  '*+4! � � &1! � .�� ! �
(A1, A2)

+ � � dgf c�f8h
� hom c��
pq��j�B �+� 
ED��(h��o� � ����d�pqfipq��� ���6� ��� �

A
+ �

A1||A2
� ��� � +���� �	!42 ���(! � ! � � �()2 � R+ ��� ���

A
� � 2 � # � + �

(A1, A2)
+ � � '�c ���"h��
f ce���oh ce� �ad�fic�fih � hom c��.p>��j B � �+� 
 D

�(h��o� � ����d�pqfipq��� ���
A

+ �
A1||A2

� ��� � +���� � ! 2 � �(! � ! � � ' � �1030 � # ! � ' 0 � � �32 � R+ ��� ��� A
�

� 2 � � �30 � . # � �(+4!-+ � '6+ ���(��� fij�pq�.p@c�� + � � � !42 A1

� ' �
A2

2 � R � � ������� �(! � ! � � ! 2 � '
A
�

knm(h�� ���q�>� 
lp>�	�0f8m(h"�ej8h��Xd�m(� 
ld�f8m c�f�h��
p>dgfih"� �"h ��� cl�(��� fij�pq�.p@ce� � �+� 
 �(h��o� � � � 

d8pqf8p>�����e��d8� �thlc �+f8� � c?fi��� p�� �(�>pqh"d�fim(hnh	�+pqd�f8h"���oh����$c*�+��� fij8p �.p@ce�+c �+�.p>d���j5� ��j5f8m(p>d
�(j8� �+�>h�� �
7 )��.�����*� ' ���� � �(!

A � ��� ��� � � � �(!
n
� �(' � ! � ! 2 �Q'*&1. � ��� ��� �(! � ! � � ��� A

� � �
! 2 ��� � �"! + �(! � � ' � '*! �$+4R+-� � � ���/) � �30 � . # � �(+4!-+ � ' ���

A
��!42 �('C!42 ��� � �"! + �(! � � '"� � R+ � ���

L1 ∈ Rn−1
� ' � � '5� &1! � .�� ! � '

A2 ∈ An−1
�(&:032	!42 � !

L(A) = L(A2, L1)
�

��� � ����� � h f
(A1, A2)

� h c �(��� fij�pq�.p@ce� � �
� 
 �(h��"� � ����d8p fip>�e� �e�
A
�zknm(h �(h��o� � 


� ��d�pqf8p>���
(A1, A2)

pqd*�(��� f8j8pq�.p>ce� ��d8� ���efimGdgf c�f8h��th"� fid
L1 = L(A1) ∈ Rn−1

c����
A2 ∈ An−1

m(�����1� � flj8h�� cepq�(d0fi� �(j�����h<fim c�f
L(A) = L(A2, L1)

�
�
⊆
�3� � ���(d�p��(hoj

w ∈ L(A)
�2knm+h �"� � ���
f c�f8p>���T�e�

A
��� fim+h 
w��j��

w
p>dwc ���oh��+f8p>�	�

ce��� d8��pqd�fim(h �"� � ���+fic�fipq���<�e�
A1||A2

��� f8m(h 
w��j �
w
� ��h���c��(d8h

A1||A2

j8h"ce� 

p��oh"d f8m(h*d�fic�fih � hom c��
pq��j ���

A
� 9 j8� �Jf8m(h �(h�� �(pqf8p>���T�e� � cej8ce�>�qh"� �"�e�(�(h�� fipq���

pqf|� ���>�q� 
ld<f8m c�f|fim(h c ���oh��+f8p>�	� �"� � ���+fic�fipq���'�e�
A1||A2

���
w
�(h fihoj��tp>�(hod

c ���oh��+f8p>�	� �o� � � �+f c�f8p>���+d*�e� � �ef8m
A1

ce���
A2

���
w
� ?�ho���"h

w ∈ L1

c����
w ∈ L(A2)

��
lm(p�� m p�� �(�qp>hod
w ∈ L(A2, L1)

�
�
⊇
�3�nknm(h �(j8�.�e���e��fim(h<j�ho��hoj8d�h��"�e�9ficep>� �Tho�9flpqdnd8p��Tpq�@cejo�

knm(h j�ho�eh"j8d�h p�� �+�>p��"c�fipq��� �+�
hod��+�eflm(�����1� ced 
wh|d�m ce�q� � h|c �+�>h*fi�4d�m(� 
X�@c�f8h"jo�
��� 
 
 h �(hoj8pq�eh�c4�(h��"h"d�dicej � ce���ad ��� �"pqh"� f �o�����(p fipq���;� ��jnfim(h<h	�+pqd�f8h"���oh��e�5c

�(��� fij�pq�.p@ce� �+� 
 �(h��o� � ����d�pqfipq��� ce� � c4�+��� fij8p �.p@ce� � �+� 
 �(h��"� � � �ed8pqf8p>��� �e��c �epq��ho�
� 9 � � � f �(j8d�f"��
 h|�(hoh�� d8� �th��(h�� �+pqfipq���(d �
+-��� � � � � � � ' � 5 ��� # � �$!-+4!,+ � '

π
� '>�  '*+4! � � �(!

M
+ � � � �(!

{M1, M2, . . . , Mk}��� ' � ' �(. # ! �. &1!,& � �4� �� + � � � +4'*! �(& � � �(! � ��� M
�(&:032�!42 � !

M =
⋃k

i=1 Mi

�

���efihnfim(c�f�h�c � m � cej�f8pqf8p>��� ���Tc<d8hof
M

�+h�� �(hod0ce�Th����(p �ec��>h"� �"hlj8ho�@c�f8p>��� ���
Mce��� �
p��"h��hoj8d8c+� � h<d8m(ce�>� �"ce�>��fim(h<d8h fid

Mi

�(�>� � �9dl��jnh����(p �ec��>h"� �"h��"�>ced8d�h"d"�
+-��� � � � � � � ' � = � � # � �(!-+4!-+ � '

π
� ' � � �(!���� �(! � ! � � ���6� � �(! ���(. +4'*+ �(!-+ 0  '*+4! �

� & ! � .�� ! � '
A = (K, Σ, δ, q0, F )

2 ����d����+d�fip f �+f8p>��� �(j�� ��h"jgf �� � ��� � � � + �

∀p, q ∈ K; p ≡π q ⇒ (∀a ∈ Σ; δ(p, a) ≡π δ(q, a))

+-��� � � � � � � ' � � � � �(!
π1

�
π2 � � # � �$!-+4!,+ � ' � � ';� � +4R �(' � �(!

M
� ! 2 �('

���



 + �
π1 · π2

+ � � # � �(!-+4!-+ � ' � '
M

�(&:032 ! 2 � !
a ≡π1·π2

b ⇔ a ≡π1
b ∧ a ≡π2

b
�

 +4+ �
π1+π2

+ � � # � �$!,+4!-+ � ' � '
M

�(&:032 !42 � !
a ≡π1+π2

b
+ � � ' � � '*�  + � !42 ��� � �"! + �(! �

� � ��%�& �(' 0 �
a = a0, a1, a2, . . . , an = b

� �(&:032�!42 � !
ai ≡π1

ai+1∨ai ≡π2
ai+1� ���Q� �4�

i ∈ {0, . . . , n − 1}
�

 +4+4+ �
π1 � π2

+ � +4! 2 � � ���
(∀x, y ∈ M); x ≡π1

y ⇒ x ≡π2
y
�

� f�p>d�� � �
pq� �(d�fim c�f�fim+h j8ho�@c�f8p>��� �(h�� �(h�� pq� f8m(h �(j�ho�.p>� �(d �(h�� �(p fip>�e��p>d�c �(cej�f8p@ce�
��j��(hoj"�

��cej�f8pqfipq���(d����Gc d�hof����d�f c?fih"d��e��d8� �th � 9 � � ��j � ce� p>� f8h"j8hod�f8p>�	�;dgfij ���of��(j8h��
cedld�f c?fih�� �� fim(h� ���q�>� 
lp>��� fim+h"��j�h�� B�p fid �(j��
��� �"ce� � h� � �(� � pq�;� � � D �
7 )��.�����*� ' � � � � 2 � � �(! ��� � �4��# � �$!-+4!,+ � ' � � ' � � +4R �(' � �(! E�1030 � . # � '*+ � � � +4!42
! 2 � # � �$!,+-� � ����� ���

�
� � � +4'�� ��� � +���� � �  +

� ' � . � �(! � ��� � +���� � �  .
� � ���(. � � ��� !-!,+ 0 ���

� 2 � � �(! ����� �4� � ��� � # � �$!-+4!,+ � ' � � '@! 2 � � �(! ��� �(! � ! � � ����� � +4R �(' � �(! ���$. +4'*+ �(!-+ 0
 '*+4! �Q� &1! � .�� ! � ' � ���(. � ���(& � ��� !,!-+ 0 � ��� ! 2 � ��� !,!-+ 0 � ��� � �4� # � �$!,+4!-+ � ' � � '�!421+ � � �(! �

" � �$�%� � � � ' ���� ��h�d8m(ce�>� �(h"�+�efih�f8m(h�f8j8pq�.p>ce� � cejgfipqf8p>���+d
{{q0}, {q1}, . . . , {qn}}ce���

{{q0, q1, . . . , qn}}
��zd � ��� ���qd

0
c����

1
��j8hod���h�� fipq�eh"� ��� � hof

|π|
�+h"�(�ef8htf8m(h

� � ��� hojl�e� �+�>� � �.dQB h����(pq��ce�qh"���oh��"�@c�d8d8hod3D0�e�5c �(cej�f8pqfipq���
π
�

" � �$�%� � � � ' � � � � hof
π
��h c � cejgfipqf8p>���z��� c d�hof

S
���>h f

x
� hTce� ho�>h��Tho�9f �e�

S
�

knm(h d � �������
[x]π

d8m(ce�>� �(h"�(��fih fim(h h�� �+pq��ce�>ho���"h �o�@ced�d �e�
π
�o��� f cepq�(p>���

x
�wp � h��q�

[x]π = {y ∈ S|y ≡π x}
�

knm(h ��j8p ��p>�(ce��j8hod��(� f�� j8� � � � ��m ce� �(�>hod�fim+h��(h��"� � � �ed8pqf8p>��� �e�2dgf c�f8h���h"m c��.p>�ej
�e��d8h�� �+h"� fip>ce� �Tc � m(pq�(h"d B�
lm(p�� m m c���h��(� � � c���dgf c�f8h"d D � �.p>���oh 
wh cej8h|p>� f8h"j8hod�f8h��
p>� �(h��o� � � ��d�pqf8p>���(d �e���(h fihoj��tp>�(pqd�fip�� � �+pqfih|c �
fi� �Tc�f c
� 
wh c��>d8�4m c��eh|f8�4fic �eh<fim+h
� � ce��dgf c�f8h"d<p>� f8� �"���(d�p��(hojic�f8p>���$� � �z� �(j��t� �(h"���e�wc �+�.p>d���j"��c 
w��j��'p>d*c ���oh��+f8h��
pq� ce���'���(��� pq�wpqf���h"�>�e�	��d*fi� fim+h c �
�
pqd8��j<c����'f8m(hTc �+�.p>d�h���c �+fi� � c�f8���'c ���oh��+f8d
pqf�� � � �"ced8h fim(hGc��+�.p>d8�ej;�@ce��� � c ��h p>d;ce�>d�� j8h��"���e�(p��oh�� �� c�� 9 � B c�d;p>�%f8m(p>d
��ced�hD � fim(h c��+�.p>d8h��zc �+f8� � c?fi��� �(�
hod*�(�ef �9�(� 
 pq� 
lm(p�� mG�e��pqf8d � � c��5d�fic�fihod�fim+h
�"� � ���+fic�fipq���`�e��f8m(h c �+�.p>d���j m cedth"���+h��1�0p f4���(� � � �9�(� 
ld�� fim c�f4f8m(h 
 ��j �%m c�d
� hoh"�;c����"h��+fih��1� �
� ce�� �"� ���+p>� c�f8p>��� ����c � � ce� dgf c�f8h����4fim+h�c��+�.p>d8�ejwc���� ���4fim+h
c �+�.p>d�h�� c �
fi� �Tc�fi�e�|�qh�c �|fi�lfim(h c ���oh��+fice���oh �e�(f8m(h 
 ��j �1�ef8m(h"j�ho� ��j�h 
wh pq�9f8j8� �����oh
fim(h� ���q�>� 
lp>�	��c ���(p fipq��� ce� �(j8� � hoj�f �;f8m c�flm ced0f8� � h*�eh"j8p � h�� 
lm(ho� fij �.p>�	� f8� �(���
c �(h��"� � ����d8p fip>�e�1�
+-��� � � � � � � ' � H � � 2 � # � �(!-+4!-+ � ' �

π1 = {R1, . . . , Rk}
� ' �

π2 = {S1, . . . , Sl}
� '

� � �(! �����(! � ! � � ���C� � � �
A = (K, Σ, δ, q0, F )

� � � ��� + ��! �Gd8h�� cej8c�fih4fim+h � � c��
d�f c?fih"d ���

A
+ � ! 2 ��� � �"! + �(! +4' � + 0 � �

i1, . . . , ir
� ' �

j1, . . . , js

�(&:032 ! 2 � ! +4! 2 � � ���
(Ri1 ∪ . . . ∪ Rir) ∩ (Sj1 ∪ . . . ∪ Sjs

) = F
�

� �



��� 
 
wh ��c����(j8���eh0fim(hw�(h��oh"d8d8cej � ce��� d ��� �"p>ho� f �"��� �(pqf8p>���(d�� ��j�fim(h0h	�
p>d�f8h"���oh
�e� ���efim �(h�� �+h�� f � � hod*�e� �+h��"� � ����d8p fipq���1�0knm(h � j8dgf � c�j�f��e��fim+h��(j��
�e�5p>d � ced�h��
��� f8m(h��(j8�.�e���e��fim(h<ce�(ce�>���e� �(d �(j�� � hoj�f �;� �ejnd8h����(ho� fip@c�� �Tc � m(pq�(h"dnpq�;� � � �
7 )��.�����*� ' � ' ��� � �(! ���(. +4'*+ �(!-+ 0  '*+4! �H� &1! � .�� ! � '

A = (K, Σ, δ, q0, F )
2 ���

��' � '*! �$+4R+-� � ���/) � �30 � . # � �(+4!-+ � ';+ �C� ' � � '*� 	+ ��! 2 ��� ���"! + �(!/! ����' � '*! �$+4R+-� � � ��� �
# � �(!-+4!-+ � ' �

π1
� ' �

π2
� 'H!42 � � �(! ��� �(! � ! � �����

A
�(&:032	!42 � !

π1 · π2 = 0
� � 21+ � � �()

0 � . # � �(+4!,+ � '�+ � � ' � ���/) � �30 � . # � �(+4!-+ � '	+ � � ' � � '*�  + � !42 � � � # � �$!,+4!-+ � ' � � � # � � � ! �
! 2 �  ' � � �(! � ! � �����

A
�

��� � ����� �
⇒
� � � h f

A1||A2 = (K1 × K2, Σ, δ′, (q1, q2), F1 × F2)
���>h f

(A1, A2)
��h

c �(��� f8j8pq�.p>ce� �+� 
 �+h��"� � ����d8p fipq��� ���|c ��pq�eh"� � 9 �
A
� 
lpqfim

α
��h"pq�	� f8m(h

�"��j�j8hod��������(pq�	� �Tc ���(pq�	�(� ��h d�m ce�>� �(h�� �(h f8m(h �(cej�f8pqfipq���(d
π1
�
π2

��� fim+h
d8h f�����d�fic�fihodl�e�

A
ced0� �e�>�>� 
ld �

p ≡π1
q ⇔ p1 = q1

p ≡π2
q ⇔ p2 = q2


lm(h"j�h
α(p) = (p1, p2)

ce���
α(q) = (q1, q2)

�
� hof

p
ce� �

q
� h dgf c�f8h"d �e�

A
d ��� m f8m c�f

p ≡π1
q
ce� ���>hof

a ∈ Σ
��knm(h"�

α(p) = (p1, p2)
c����

α(q) = (p1, q2)
� � d

A1||A2

p>d�c � cej8ce�>�qh"� ��h"m c��.p>�ej
�(h��o� � � ��d�pqf8p>���1� 
 h|m c���h

α(δ(p, a)) = δ′(α(p), a) = (δ1(p1, a), δ2(p2, a))

α(δ(q, a)) = δ′(α(q), a) = (δ1(p1, a), δ2(q2, a))


lm(h"j�h
δi

�(ho�(�efihodnfim(h*f8jice�(d�pqf8p>��� ���+���of8p>��� �e�
Ai

� � d 
wh���ce� d8hohe� fim+h � j8dgf
�"� � �����(h"� f8d0cej�h�h�� �(ce�$c � cep>�$��fim��(d

δ(p, a) ≡π1
δ(q, a)

�
lm(p�� m �(j8����hodwf8m c�f
π1

pqdlce�6� � ��� � cejgfipqf8p>���$� � � ce� c��>����� �(d �(j��
�e��m(�����(d0� ��j
π2

�
� hof

p
c����

q
��h<d�fic�fihod��e�

A
d���� maf8m c�f

p ≡π1
q
ce� �

p ≡π2
q
��knm(p>d �th�ce�+d

fim c?f
α(p) = (p1, p2) = α(q)

c���� B�d�p>���oh
α
p>d pq� ��h�� fip ��hD

p = q
�>?�ho���"h

π1 · π2 = 0
�

� d
A1||A2

p>d�ct�+��� fij8p �.p@ce� �(h��"� � ����d8p fip>�e�1�(pqf�m(�e���(dlfim c?f
|Ki| < |K|

��ce���
fim(hoj8h � ��j8h

|πi| < |K|
�
i ∈ {1, 2}

��� �+f
π1 · π2 = 0

��m(h"� �"h
|πi| > 1

� 
lm+p�� m
fi���ehofim+h"j �Th"ce�(d0f8m c�f

π1

c����
π2

cej�h ���ef8m �+��� fij8p �.p@ce� �
k�� �"� � �(�qhof8h4f8m(h �(j8�.�e�w�e� f8m(p>dp�� �+�>p��"c�fipq���1� pqf<j8h�� c�p>�(d*f8� �+j8����htfim c�f<p �
(A1, A2)

p>d�ce� � �+� 
 �(h��"� � � �ed8pqf8p>���$��f8m(h"�
π1

ce� �
π2

d8h��(cejic�f8h fim+h � � ce�
d�fic�fihod5�e�

A
�L9 j�� �Xh�c � m � cejgfipqf8p>���$� 
wh d�m ce�q�9fic �eh�h��+c � fi� �|f8m(��d�h �(�q� � �9d�fim c?f

�"��� ficep>�tc�f��qh�cedgf����(h � � ce�+d�f c?fihl�e�
A
�2� ���(�(p>�e�t���1ce�q�+d ��� m �(�q� � �9d�p>� h"c � m

� �



�e��fim(h�� c�j�fip fipq���(d 
wh<� �+f c�p>�;f 
w�td�hof8d"��ce��� fim+h"� 
 h��(j�����h<fim c�fnf8m(hp>� f8h"j 

d8h��ofipq��� �e��fim+h"d8h<d�hofidnpqd0h��+c � fi� � fim+h*d8h f

F
� c�d0j8h�� �+p>j8h�� ���;��h��(�(pqf8p>��� � � �
�

9 ��j��Tce�>� ����
 h�
 ce� f�f8� �(j8����h<fim(c�f
(

⋃

q∈F

[q]π1

)

∩

(

⋃

q∈F

[q]π2

)

= F

knm(h �(j8d�f�d8h f �"�e�9ficep>�+d*ce�q��d�f c?fih"d�fim c?f*cej�h h����(pq��ce�qh"� f�f8� d�� �Th � � c���dgf c�f8h
�T� ���(�q�

π1

�.f8m(h"j�ho� ��j�h�fim+h � j�d�f �o� � � ���+h"� f ���1fim(hop>j
α

 p��Tc ��hnp>d�d8� �Th � � ce�

d�fic�fih p>�
A1

� 9��ej fim(h dic��Th j�h�ced����1��fim(h d8h��"��� �%d8h f �"��� f c�p>�(dtce�q� d�fic�fihod
d���� m`fim(c�f fim+h;d8h��"����� �"� � �����(ho�9f �e�lfim(hop>j

α

 p�� c �ehTpqd�d8� �Th �(� ce�0dgf c�f8h

p>�
A2

�6?�h"� �"h c���f8h"j � hoj�� ��j �Tpq�	� f8m(h pq� fih"j�d8h��ofipq���1�5f8m(h"j�h j�h��Tcep>��h��+c �of8���
fim(htd�fic�fihod

q
fim(c�f|dic�f8p>d�� �Gf8m(h �"�����+pqfipq���

α(q) ∈ F1 × F2
�5c�����f8m(h"d�h;cej�h

B c ���"��j �(p>���4f8�6B�p>pqp4D��e����h�� �(p fipq��� � �7�D h��+c �of8���;f8m(h � � ce�$d�f c?fih"d��e�
A
�

�
⇐
� � � hof

π1

ce� �
π2

� hGf8m(h ��pq�eh"�]�(��� fij�pq�.p@ce� � � ��� � cejgfip fip>�e�(d;��� fim(hzd�hof �e�
d�fic�fihod �e�

A
d���� m�f8m c�f

π1 · π2 = 0
� ��h d8m ce�q� �o���(dgfij�� �of f 
w��c��+fi� �Tc�fic

A1
ce���

A2
m(c��.pq�	��dgf c�f8h"d �"��j�j8h"d � �e���(p>���'f8� �(�q� � �9d4�e��fim(hod8h �(cej�f8pqfipq���(d

ce��� d�m(� 
 f8m c�f
(A1, A2)

pqd;c �+��� fij8p �.p@ce� �+� 
 �(h��o� � � ��d�pqf8p>��� �e�
A
� � h f

Ai = (πi, Σ, δi, [q0]πi
, {[q]πi

|q ∈ F})
� h�c � 9 � 
lp fim

δi

���(���of8p>��� �(h�� �+h��
��

δi([q]πi
, a) = [δ(q, a)]πi

�
i ∈ {1, 2}

B f8m(p>d��(h�� �(p fip>�e� �(�
hod<�(�ef �(h���h"� �
���Gfim(h	� m+��p��oh �e�

q
d8pq���"h

πi

pqdce�;� � ��� � cej�f8pqf8p>���:D �k�� d�m(� 
Zf8m c�f
A1||A2p>d cPj�h�ce�qp���c?fip>�e�%�e�

A
� 
 h �(h�� �(hGfim+h � c � �(p>�	�

α : K → K1 × K2

���

α(q) = ([q]π1
, [q]π2

)
� �
pq���"h

π1 · π2 = 0
�
α
p>d p>����h��of8pq�ehe��� f4j�h��Tcep>�(d f8�

�(j8���eh|f8m c�fnfim+h<f 
w� �o�����(p fipq���(d B p4D ce� � B p>p4D�� j8� � ��h�� �+pqfipq��� � ���|m+�����1�
B p4D;knm(p>d �"ce� � h��hoj8p � h�� �� c4d�p�� �(�>h �"� � ���+fic�fipq��� �

δ′(α(q), a) = δ′(([q]π1
, [q]π2

), a) = (δ1([q]π1
, a), δ2([q]π2

, a)) =

= ([δ(q, a)]π1
, [δ(q, a)]π2

) = α(δ(q, a))

knm(h �(j8d�f h���� ce�qpqf � �o� �Thodt� j�� �_fim+h �(h�� �(pqf8p>��� �e�*f8m(h �Tc ���+p>�	�
α
�

fim(h<d�h��"�e���a� j8� � fim(h �(h�� �(pqf8p>��� �e�5c � cejic��>�>ho� �"�e�(�(h�� fipq��� ���5f 
w�;c ��

fi� �Tc�fic+��f8m(h�f8m(p>j �a� j8� �Df8m(h	�(h��(�(pqf8p>��� �e�

δi

ce� �afim(h �>ced�f����(h � j8� �
fim(h��(h�� �(p fip>�e� �e�

α
c ��cep>�1�

B�p>p D knm(p>d �o� �Thod �(p>j�h�� fi���T� j8� � fim(h��(h�� �(p fip>�e�(dn�e�
A1

�
A2

ce���
α
�

k����"� � �(�>h fih fim(h �(j8�.�e��� 
wh m c��ehafi�Pd�m(� 
Dfim c?f;pq�
π1

ce���
π2

d�h�� c�jic�f8h
fim(h � � c���d�f c?fih"d��e�

A
�(fim+h"� c��>d8� f8m(h �+j8� ��h"jgf �>B�p>pqp4D2� j8� �D��h�� �(p fipq��� � �7�|p>d

dic�f8p>d � h��1�

� N



B�pqp>p D � �
q ∈ F

�$f8m(h"�
α(q) = ([q]π1

, [q]π2
)
� 
lm+p�� m ��af8m(h	�(h��(�(pqf8p>��� ���

A1ce���
A2

p>d ce��h"�>h��Tho� f��e�
F1 × F2

� knm(pqd"����zfim(h �(h��(�(pqf8p>�����e�0fim+h
� cej8ce�>�qh"� �"���+�(h�� fip>�e�1�+p�� �(�qp>hod�f8m c�f

α(q) ∈ F ′
� A �;fim+h*�efim+h"j0m c����1�+p �

α(q) ∈ F ′
� ���Gf8m(h �(h��(�(pqf8p>���z�e��fim(h � c�jice�q�>h"� �"���+�(h�� fip>�e��p f<p�� �(�>pqh"d

fim c?f
α(q) ∈ F1×F2

��knm c�f �th�c��(d�fim c?f
q
p>d5h����(pq��ce�qh"� f�f8�|d�� �th�� � ce�

d�fic�fihT�e�
A
�t� ���(�>�

π1

ce� ��ce�>d�� f8� d8� �Th�B ����d8d�p��(� � �(p � h"j�h"� f$D � � ce�
d�fic�fih0���

A
�T� ���(�q�

π2

��knm(hoj8h � ��j8h
q
c ����h�cej�d�p>�	���efim d�hof8d2p>� fihoj8d8h��of8h��

p>� ��h�� �(pqf8p>��� � � ��
lm(p�� m p�� �(�qp>h"d�fim c?f�p fnp>dlc �th�����h"jn�e�
F
�(d8pq���"h

π1ce���
π2

d�h�� c�jic�f8h<f8m(h � � ce��dgf c�f8h"dl�e�
A
�

� �0c � 9 � m(ced �e�(���G�e�(h c����"h��+fipq�	�adgf c�f8htf8m(h"�'fim(h �"�e���(pqf8p>���z�e� d8h�� cejic?fip>���
� � ce��dgf c�f8h"d�p>d0fij�pq�.p@c��>��� �thof"�(m(ho���"h�
 h ��c�� � �ej����(�>c�fih�fim(h� ���q�>� 
lp>�	���"��j����>�>cej �e�
I ���3�.�G� � �$9 ' � 5 � � � �(! ���$. +4'*+ �(!-+ 0  '*+4! � � &1! � .�� ! � '

A = (K, Σ, δ, q0, {qF})
2 ���

��' � '*! �(+4R+-� � � ��� ) � �30 � . # � �(+4!,+ � '	+ � � ' � � '*�  + � !42 ��� � �"! + �(! ! ��� ' � '*! �$+4R+-� � � ��� �
# � �(!-+4!-+ � ' �

π1
� ' �

π2
� 'H!42 � � �(! ��� �(! � ! � �����

A
�(&*032	! 2 � !

π1 · π2 = 0
�

�
pq���"h�� ��� �(hod��oj8p���h"d*ce�Gh�ced � 
 c � f8� ��ho�(h"j8c�fih c��>� � � ��� �(cej�f8pqfipq���(dl�e��c �epq��ho�
d8h����(ho� fip@c�� � c � m+p>�(h�B�ce��� fim+p>d ��c�� ��h �(pqj8h��ofi� � c � �(�>pqh�� f8� � �(pqf8h<c �+f8� � c?f c D � 
wh
��ce� h�ced�p>� � � ��� ce�q���+� 
 B�ce��� � �+� 
 D �(h��o� � � ��d�pqf8p>���(d �e��c ��p ��ho�ac �
fi� �Tc�fi�e�1�

��� 
 
 h�cej8h|c �(�qhfi�td8m(� 
 �� ctd�p�� �(�>hh	�(c�� �(�qhfim c�f�fim+h �o��� ��h"j�d8h ����knm(h 

��j8h�� � ��� �+�
hod��+�ef�m(�����$�
��� � �0/�� � ' ���� � ���(d8p��(h"j fim+h��>ce�	� � c ��h

L = {a4kb4l|a ≥ 0, b ≥ 1}
�Rknm+h

�Tpq�(p��Tce� c �+fi� � c�f8��� c ���"h��
fip>���4f8m(p>dn�>ce�	� �(c ��hp>d

A = ({a0, a1, a2, a3, b0, b1, b2, b3, R}, {a, b}, δ, a0, {b0})


lpqfim fim+h*fijic��(d8p fip>�e�;���(���of8p>��� �(h�� �(h�� �� fim(h� ���q�>� 
lp>��� fij8ce�(d�pqfipq��� �(p>c ��jic��6�

a3

b

''PPPPPPPPPPPPPPP

a

��

a2
b //

a

OO

R

a1

b

77nnnnnnnnnnnnnnn

a

OO

a0
b //

a

OO

b1
b //

a

GG��������������
b2

b //

a

OO

b3
b //

a

WW00000000000000

b0

a

``@@@@@@@@@@@@@@@@@@

b

dd

B�j8h���ce�q��fim c?f 
whtd8m ce�q�2ce� 
0c �.d�c�d8d�� �Th fim(c�f ce�>�5f8m(h fij8ce�(d8p fipq���(d�(�ef��+h��(p��ofih�� pq�
fim(hfij8ce�(d�pqfipq��� �(p>c ��jic��Rdgf cejgf�c���� ho��� p>� fim(h<d8c �Thdgf c�f8hD �

���



knm(hTp��(h"c ��h"m+p>���'fim(pqd�c �
fi� �Tc�fi�e�'pqd d�p�� �(�>h���fim(h ���(j�����d�h �e�wfim(h
ai

d�fic�fihod
p>d f8� �"� �(� f f8m(h

a
d � ��� �e�>d5B��T� ���(�q�

4
D ��f8m(h

bi

dgf c�f8h"d �o� �(� f fim(h
b
d � �������>d

B c � c�p>� �t� ���+�>�
4
D*ce���

R
p>dc j�hE��h�� f<d�fic�fih�� knm(p>d*c �+fi� � c�f8��� �(�.h"d�(��fm c���htc

�(��� fij�pq�.p@ce� �+� 
 �(h��o� � ����d�pqfipq���5B 
lm(p�� m p�� �(�>pqh"dw�(� � �+� 
 �(h��o� � � ��d�pqf8p>���(d Dwced �"ce�
� h h�ced�p>��� �eh"j�p � h�� �(d8pq�	�;knm(ho��j8h�� � � � ��� �qp>d�f8p>�	�tce�q� � � ��� �(cej�f8pqfipq���(do�l� �+f*p � 
wh
�(d8h

L1 = {a4kbl|k ≥ 0, l ≥ 1} ∈ R6

ced4ce�`c��+�.p>d8�ej"� 
 h �"ce� c ���oh��+f
L

lpqf8m

c � 9 � m(c��.pq�	�;���(� �
4
d�fic�fihodce���zc ���"h��+fipq�	�;�@c��	� � c �eh

{w|#b(w) = 4l, l ≥ 0}
�

m(h"���oh|f8m(h"j�h h	�
p>d�f8d�c4�+��� fij8p �.p@ce�$c �+�.p>d���jn� ��j
L
�

knm(h�j8h"ced8�e� 
lm� fim(h�c �+f8� �Tc�fi��� � j�� � fim+h �+j8ho�.pq� �(d�h��+c � �(�>hlm ced��(�|�(��� f8j8p 

�
p>ce���+� 
 �(h��"� � � �ed8pqf8p>��� p>d f8m c�f�ce���� � ��� �(cej�f8pqfipq���;��� f8m(hd8h f����5p fid0dgf c�f8h"dnfim c?f

 � �+���%m(c��ehGce�q�

ai

d�fic�fihod pq� fim+h d8c �Th �(�q� � � B�fim(h �"��j�j8h"d � �e���(p>���Pc �+f8� �Tc�fi���

 � �+��� �(�ef �o� �(� fnfim+hd � �������>d

a
D � 
w� �(��� ce�qd8� m(c��ehfi�	�"�e�9ficep>� c��>� f8m(h

bi

ce���
Rd�f c?fih"dnpq�;fim(hd8c �th �(�>� � �Tce���;fim��(d 
w� �(��� �(�ef ��h<c �(�qh�f8�	�"� �(� fnf8m(h

b
d � ��� �e�>d"�

h"pqf8m(h"jo�2knm(p>d p>d �"c �(d8h�� ���Tfim(h�� fih"j �Tpq� ce��� � m c�jic � fih"jn����f8m(h*dgf c�f8h
R
ce��� pqf p>d0pq�

��h"�(hojice��dgf c�f8h�� �� fim(h� ���q�>� 
lp>�	���>h�� �Tc+� � f � j�d�f���
wh<�(h"h�� c � h�
 �(h��(�(pqf8p>���(d �
+-��� � � � � � � ' � & � � �(!

A = (K, Σ, δ, q0, F ) � �C� ��� � �/� �(!
q ∈ K

�
a ∈ Σ

��� �
�32 � �4�L0�� �4� ! 2 � � �(!

{p ∈ K|∃n ∈ N ∪ {0}; δ(q, ak) = p}
! 2 �

a

 f c�p>�$����f8m(h<d�f c?fih

q� ' � � �(' � ! �Q+4! �  〈q〉a � �  ficep>� ��� ! 2 � �(! � ! �
q
� ��� �32 � �4��. ��� 'H!42 �Q& '*+ � ' ��� � �4�

a
) ! � +4� ���

a ∈ Σ
� + � ��� �

〈q〉 =
⋃

a∈Σ〈q〉a
�

+-��� � � � � � � ' ��� � � �(!
K � � ! 2 � � �(! ��� �(! � ! � � ��� � � . � ��� �

A
� ' �	� �(!

a � ��+4'

Σ
��� � �32 � �4� 0�� �4� � �(! � ! �

q ∈ K a

 fihoj��tp>� ce��+ �

〈q〉a = {q}
� � � �32 � �4��0�� �4� � �(! � ! �

q ∈ K
fihoj��tp>� c�� + �

〈q〉 = {q}
�

A �*� � � ' � = � � �(!
π � �Q� ' � ��� ��)�# � �$!,+4!-+ � ' � ' !42 � � �(! ��� �(! � ! � ����� � � +4R �(' ��� �

A = (K, Σ, δ, q0, F )
� � �(!

p, q ∈ K
�
p ≡π q

� � �(!
a ∈ Σ

� � �
q
+ �

a
) ! ���$. +4' � � � !42 �('

∀p′ ∈ 〈p〉a; p
′ ≡π q

�

��� � ����� � h f
p′ ∈ 〈p〉a

��f8m(h"��fim(hoj8hth��
p>dgfid<fim(h �Tpq�(p��Tce�
n ∈ N ∪ {0}

d���� m f8m c�f
δ(p, an) = p′

� ��h d�m ce�q� �(j8����h fim(h �qh�� � c �� p>��� ���of8p>���`���
n
� 9��ej

n = 0
�

p′ = p
ce����fim(h h���� c�fipq���

p ≡π q
m(�����(d"� ��� 
Rd���������d�h

n > 0
�2fim(ho� ��Pf8m(h

p>����� �ofipq��� m� � ��fim(hod8p>d
δ(p, an−1) ≡π q

�$ce���
π
m c�d*d����+d�fip f �+f8p>��� �(j8� ��h"jgf ���$f8m��(d

δ(p, an) ≡π δ(q, a) = q
� 
lm(p�� m �o� � �+�>hof8h"d0f8m(h��(j8�.�e���

I ���3�.�G� � �$9 ' � � � � �(!
π � �6� ' � ��� ��)�# � �$!-+4!,+ � ' � ' !42 � � �(! ��� �(! � ! � � ��� � � +4R �('

��� �
A = (K, Σ, δ, q0, F )

� � �(!
p, q ∈ K

�
p ≡π q

� ' �
a ∈ Σ

� � �
q
+ � ! ���$. +4' � � �

! 2 �('
∀p′ ∈ 〈p〉; p′ ≡π q

�

�
�



� � � �D� ����� � �	� �
	 � �/� � � � � ��
 ��
����

��� 
 
wh�d8m(ce�>�(f8j �tc��(p � h"j�h"� fwc ���(j�� c � mTf8�|f8m(h �(j8� �+�>h�� �e��� 9 � �+h��"� � ����d8p fipq���1�
� hld8m(ce�>� �(h�� �+h�h	�(c��ofi� ��
lm c?f�pqf �th�ce�+d�fim c�f2f8m(hld��Tce�>�qh"j5c �+fi� � c�fic�� ��j �Tpq�	��fim+h
�(h��o� � ����d�pqfipq��� ��ce� d ���(dgfipqf��+fih�fim(hw��j8p ��p>�(ce� c �+f8� �Tc�fi���$� � f5p>d�� � �.p>� �(d�fim(c�f5p �(fim+h
�(h��o� � ����d�pqfipq���Gp>d*f8� � h �(d�ho���(� ��f8m(h4j8hod��(� fid<�e� �"� � ���+fic�fipq���(d�e��fim(htc �
fi� �Tc�f c
� ��j��tp>�	�Td���� m�c �(h��"� � ����d8p fip>�e� m c���h f8� p>���(p���c�f8h 
lm c?f 
 � �(��� ��h�fim+h j8h"d �(�qf*�e�
fim(h �"� � ���
f c�f8p>��� �e��fim+hn��j8p ��p>� c��+c �
fi� �Tc�fi�e�1� ��h ��ce� ��hnp>� fihoj8h"dgfih�� p>� �9�(� 
lpq�	�
p>� 
lm(p�� m dgf c�f8h fim(h �"� � ���
f c�f8p>������� f8m(hG��j8p ��p>�(ce��c��+fi� �Tc�f8��� 
w� �(��� ho���1�*��j
�.�+� 
lpq�	� � �(d�f 
lm+hofim+h"jnfim(h�ej8p��ep>� ce��c �
fi� �Tc�fi�e� 
 � �(��� c ���"h��
fnfim(h 
w��j�� ��j �(�ef��
� h �"� �(����ce�qd8��m c���hGc ���"hod8d f8��fim+hap>�
� ��j��Tc�fipq����p>� 
lm(p�� m%d�f c?fih"dtfim(h d��Tce�>�qh"j
c �+fi� � c�fic|m(c��eh � �+p>d8m+h��Tf8m(h"pqj �o� � ���+f c?fip>�e�(d"� ��j �Tc � ��h 
wh��e�(��� �9�(� 
 
lm(h fim(hoj
fim(h ��m(c��eh ���efim c ���oh��+f8h�� f8m(h 
 ��j �1� ��h�� ho���(pq�	� ���zfim(hod8ht��c �of8��j8do� 
whT� �
f cepq�
�(p � h"j�h"� f 
0c �.d���� �(h��"� � ����d8pq�	�tct� 9 � �

knm(h �(j8d�f ����d�d8p��+p>�>p f �<p>d5f8m c�f�
wh 
 ce� f2fi���(h��"� � � �ed8hlc� 9 � p>� fi�*f 
w�<d8p�� �(�qh"j
c �+fi� � c�fic p>�zd ��� m c 
 c � fim(c�f|c���fihoj ��h"j�� �ej��tp>�	� f8m(h	�"� � ���
f c�f8p>���(d��e� � �ef8mz�e�
fim(hod8h c �+f8� � c?f ca���`c���� ��pq�eh"��pq�����+f�
w��j �1� 
 h �"ce�`p��(ho�9f8pq� �'fim(h d�f c?fih �e�lfim+h
��j8p ��p>� c���c �+fi� � c�f8��� pq� 
lm(p�� m pqf 
 � �(���;ho��� pqf8d �o� � � �+f c�f8p>���4� j8� �\f8m(h*dgf c�f8h"d0pq�

lm(p�� maf8m(h"d�h��o� � � �+f c�f8p>���+d�m(c��eh h"� �(h��1�lknm(pqd �+h��"� � ����d8p fipq��� p>dl� ��j��Tce�>p7�"h�� ���
fim(h� ���q�>� 
lp>�	���(h�� �+pqfipq���1�
+-��� � � � � � � 5 ���� � # � + � ��� � �(! ���$. +4'*+ �(!-+ 0  '*+4! � � & ! � .�� ! �

(A1, A2)
� �L2 ��� �

A1 = (K1, Σ, δ1, q1, F1)
� ' �

A2 = (K2, Σ, δ2, q2, F2)
�	� ���$. � �tdgf c�f8h 
 p��(h"� f8pq� �.p>�	�

�(h��o� � ����d�pqfipq���  � � ) � �30 � . # � �(+4!-+ � ' � ���;� � � �
A = (K, Σ, δ, q0, F )

�C+ ��! 2 ��� �
�"! + �(! � �C.��(# # +4'	�

β : K1 × K2 → K
� �(&*032�! 2 � ! +4! 2 � � ���

(∀w ∈ Σ∗); β(δ1(q1, w), δ2(q2, w)) = δ(q0, w)

� �
|K1| < |K|

� ' �
|K2| < |K|

� ! 21+ � � �30 � . # � �(+4!-+ � '�+ � ' � '*! �$+4R+-� � �

� �(�efim+h"j � �ed8d8p��(�>h2j�h����(pqj8h��th"� f����fim+h �+h��"� � ����d8p fipq�����"� �+����� h2f8m c�f 
 h 
 ce� f
ce��Pp>� ���+f�
w��j �Pfi� ��h;c ���"h��+fih�� ���� �ef8mPd��Tce�q�>h"j|c �
fi� �Tc�f c pq�lc��������(� ��p �npqf

 � �+��� ��h c����"h��+fih��zce�>d�� �� fim+h���j�p���pq� ce�1c��+fi� �Tc�f8���1�0knm(pqd 
 c ��� 
wh��o� �(��� ��h"j 

� ��j�� fim(h �o� � ���+f c?fip>�e���e� ���efim d � c��>�>hoj5c��+fi� �Tc�fic����4ce�� ��pq�eh"� p>� ���+f�
w��j��4c����
fim(ho� �+h��"p��(h 
lm(h fim(hoj fim+p>d 
w��j�� 
w� �(��� ��hc ���oh��+f8h�� ��Tf8m(h*��j�p���pq� ce��c �+f8� �Tc�fi���
� ced8h�� �e�(���'����fim+h;p>�+� �ej��Tc�fipq��� 
lm+hofim+h"j4pqf 
0ced4c����"h��+fih�� �ej j8h ��h��of8h�� �� fim+h
�(h��o� � ����d�pqfipq��� c �+f8� �Tc�f c+�5knm(p>d �(h��"� � ����d8p fip>�e� p>d0� ��j � ce�qp��oh�� cedn� ���q�>� 
ld"�
+-��� � � � � � � 5 � � � � # � + � ��� � �(! ���$. +4'*+ �(!-+ 0  '*+4! � � & ! � .�� ! �

(A1, A2)
� �L2 ��� �

A1 = (K1, Σ, δ1, q1, F1)
� ' �

A2 = (K2, Σ, δ2, q2, F2)
��� ���$. �6� ']c ���oh��+fice���"h 


p��(ho�9f8pq� �.p>��� �(h��"� � ����d8p fip>�e�  � � ) � �30 � . # � �(+4!,+ � ' � ��� � ��� �
A = (K, Σ, δ, q0, F )

�
+ � +4! 2 � � ���

L(A) = L(A1) ∩ L(A2)
� � �

|K1| < |K|
� ' �

|K2| < |K|
�C! 21+ �

� �30 � . # � �(+4!,+ � '6+ � ' � '*! �$+4R+-� � �

� #



� f�pqd2h�ced � fi�<d8hoh�f8m c�f2fim+h��+�efipq���4�e�1c�(�e�9f8j8p �
p>ce� � � 
 �(h��"� � � �ed8pqf8p>����p>d2h����(p � 

ce�>ho�9ff8�;fim(h �o�����"h��+f|�e�wc �(��� fij�pq�.p@ce�5c �+�.p>d���j 
whtcej8h pq�9f8h"j�h"d�f8h��'p>�1� knm(h"j�ho� ��j�h
knm(h"��j�h�� � ���;ce��� 8 �(c�� �(�qh � �7�t� j8� � f8m(h �(j�ho�.p>� �(d�d�h��of8p>��� ce�>d��ac����(���Gf8� � � 

�(h��o� � ����d�pqfipq���1�

knm(hwfim(pqj�� � c���� fim(h 
 h"c �ehod�f �|j8h����(p>j�h��th"� f�
wh �"� �(��������d8h0�e� c �(h��o� � � ��d�p 

fip>�e�T�e�1c � 9 � p>d2fi�|j8h�� �+p>j8hlfim(c�f�fim(hoj8h ���(d�fwh��
pqd�f c�
 c �tf8� �+hofihoj��tp>�(h 
lm(h fim(hoj
fim(h*�ej8p��ep>� ce��c��+fi� �Tc�f8��� 
w� �(��� c ���oh��+f0d8� �th ��p ��ho� p>�����
f 
w��j�� �(ced8h�� �����9�(� 
 

p>�	� fim(hTd�f c?fih"d�p>� 
lm+p�� m f8m(h �o� � � �+f c�f8p>���+d|��� � �ef8m��(h��"� � ����d8p fip>�e� c �
fi� �Tc�f c
m c���h � �(p>d�m(h��$�
+-��� � � � � � �-5 � ' �
� # � + � ��� � �(! ���(. +4'*+ �(!-+ 0� '*+4! � � & ! � .�� ! �

(A1, A2)
� �L2 ��� �

A1 =
(K1, Σ, δ1, q1, F1)

� ' �
A2 = (K2, Σ, δ2, q2, F2)

� � ���$. � � 
wh�c �Mc ���oh��+fice���"h 

p��(ho�9f8pq� �.p>��� �(h��o� � � ��d�pqf8p>���  � � � ) � �30 � . # � �(+4!,+ � ' � ��� � ��� �

A = (K, Σ, δ, q0, F )
�

+ � ! 2 ��� ���"! + �(! �Q� � �(��� !,+ � '
R ⊆ K1 × K2

�(&*032	!42 � ! +4! 2 � � ���

(∀w ∈ Σ∗); R(δ1(q1, w), δ2(q2, w)) ⇔ w ∈ L(A)

� �
|K1| < |K|

� ' �
|K2| < |K|

� ! 21+ � � �30 � . # � �(+4!-+ � '�+ � ' � '*! �$+4R+-� � �
knm(hoj8hh	�+pqd�f8d�c d�p�� �(�>h�j8ho�@c�f8p>���(d�m(p�� � h f 
 hoh"� fim(hod8hf � � hod���� �+h��"� � ����d8p fipq���1�

A �*� � � 5 ���� � �
(A1, A2)

+ �Q� ' � � ) � �30 � . # � �(+4!,+ � ' ��� � � � �
A
� !42 �(' +4! + �Q� � � �

� � ��� ) � �30 � . # � �(+4!-+ � ' ���
A
� � �

(A1, A2)
+ � � ' � � ) � �30 � . # � �(+4!,+ � ' ��� � ��� �

A
�

! 2 �('H+4! + � � � � �C� � ��� ) � �30 � . # � �(+4!-+ � ' ���
A
�

��� � ������knm+p>dnp>dlc �(pqj8h�� f �"���+d8h����(ho���"h��e��f8m(h��(h��(�(pqf8p>���(do�
9 ��j �Tpq�(p��Tce�9c �+f8� �Tc�f c+��c*j8ho�@c�f8p>���+d8m(p�����hof 
wh"h"� � � 
�ce����� � 
 �(h��o� � ����d�pqfipq���(d

��ce� � h<� �
f cepq�(h��1�
7 )��.�����*� 5 � � � � �(!

A = (K, Σ, δ, q0, F ) � �H� . +4'*+4.�� � � �(! ���$. +4'*+ �(!-+ 0  '*+4! �
� & ! � .�� ! � '�� � �(!

(A1, A2) � � +4! � ��� ) � �30 � . # � �(+4!-+ � ' � � 2 �('
(A1, A2)

+ �	� � � �5� '
� � ) � �30 � . # � �(+4!-+ � ' ���

A
�

��� � ����� �.p>���oh
(A1, A2)

pqd�ce� � � 
 �(h��o� � ����d�pqfipq�������
A
���	�(h��(�(pqf8p>��� p f2m(�����(d5fim(c�f

L(A) = L(A1)∩L(A2)
�5knm(hoj8ho� �ej8h0p � 
wh �(d8hwfim(h 
 ho�>� 
 �9�(� 
l� �0cejgfih"d�p@ce���(j8� ����� f

�"���(dgfij ���of8p>���1��
wh|� �+f c�p>� fim(h|c �
fi� �Tc�fi�e�
A1||A2

d���� m fim c?f
L(A1||A2) = L(A)

�
�
p>���oh

A
p>dwf8m(h �tp>�+p��Tce�(c �
fi� �Tc�fi�e�;c ���"h��
fip>��� fim+h*�@ce��� � c ��h

L(A)
�
fim+h"j8h�h��
p>dgfid

c �Tc ���(pq�	�
β : K ′ → K

d���� m fim c�flp fnm(�����(d

(∀w ∈ Σ∗); β(δ
′

(q′0, w)) = δ(β(q′0), w)


lm(h"j�h
δ′
pqdlf8m(h<fijic��(d8p fip>�e� ���+���of8p>��� �e�

A1||A2

�
K ′

p>dlpqf8d�d�hof��e��dgf c�f8h"d*c����
q′0

p>d
pqfid p>�(p fip@c���dgf c�f8he� �
pq���"h

A1||A2

p>d0c �(cejice�q�>ho� �o���(�(h��of8p>���>B�p � h��q�
K ′ = K1 ×K2

�
q′0p>d*fim+h	� cep>j��e��p>�(p fip@c���dgf c�f8h"d<�e�

A1
ce� �

A2
D ��p f*p>dh"ced �afi� d8hoh fim c�f

β
p>d�p>� ��c � f

h��+c �of8���;f8m(h�� c����(p>��� j8h����(pqj8h�� �� fim+h �+h�� �(p fipq��� �e��fim(hQ� � 
 �(h��o� � ����d�pqfipq���1�

� �



9 ��j0f8m(h ��fim(hoj �+h��"� � ����d8p fipq���(d"��
wh ��ce� �(h"j�pq��h<fim+h<� �e�>�>� 
lpq�	� d���� �op>h"� f �"��� 

�(pqf8p>���(d0f8m c�flh	� �+�>��p f0fim(h��o�����"h��+f��e� ��� ��� � cej�f8pqf8p>���(do�
7 )��.�����*� 5 � ' � � �(!

A = (K, Σ, δ, q0, F ) � � ��� �(! ���$. +4'*+ �(!,+ 0  '*+4! � � &1! � .�� ! � '��
� �(!

π1

� ' �
π2 � � ' � '*! �$+4R+-� � � ��� � # � �$!-+4!,+ � ' � � '�! 2 � � �(! ��� �(! � ! � � ���

A
� �(&:032�! 2 � !

! 2 �� � � # � � � ! � ! 2 �  ' � � �(! � ! � � ���
A
� � 2 �('

A
2 ��� � ' � '*! �$+4R+-� � ��� ) � �30 � . # � �(+4!-+ � ' �

��� � ����� � h f
π1

ce���
π2

��h fim(h ��p ��h"� �(��� f8j8pq�.p>ce�/� � ��� � c�j�fip fipq���(d ���`fim(h d�hofT�e�
d�f c?fih"dT�e�

A
d�� � m%fim c?fTf8m(h��`d�h�� cej8c�fih fim(h � � c���dgf c�f8h"dt�e�

A
� � hof

B1, . . . , Bkce���
C1, . . . , Cl

��hTf8m(h �+�>� � �.d �e�nfim+h � cejgfip fip>�e�(d
π1

ce���
π2

j�h"d � h��ofip ��ho�����2d ��� m
fim c�f

(B1 ∪ . . . ∪ Bk) ∩ (C1 ∪ . . . ∪ Cl) = F
B f8m(hTh	�
p>d�f8h"���oh �e� d���� m��(�>� � �9d pqd

� � cej8ce� fih"h��4d8p>� �"h
π1

ce���
π2

d8h�� cej8c�fih0f8m(h�� � c��(d�fic�fihod2�e�
A
D � � h d8m ce�q� �o���(d�f8j���� f

f 
 �%c �+fi� � c�fic
A1

c����
A2

m c��.p>��� dgf c�f8h"d �"��j�j8h"d � �e���(p>��� fi� �(�q� � �9d �e��f8m(h"d�h
� cej�f8pqf8p>���(d�ce� �;d8m(� 
 fim(c�f

(A1, A2)
p>dwc��(��� fij�pq�.p@c�� � � 
 �+h��"� � ����d8p fipq���4�e�

A
� � h f

A1 = (π1, Σ, δ1, [q0]π1
, {B1, . . . , Bk})

A2 = (π2, Σ, δ2, [q0]π2
, {C1, . . . , Cl})

� h � 9 � d 
lp fim f8m(h�fij8ce�(d�pqfipq��� ���+���of8p>���(d
δi

�(h�� �(h�� ��
δi([q]πi

, a) = [δ(q, a)]πi

�
i ∈ {1, 2}

B�fim(pqd��(h��(�(pqf8p>��� �(�
hod<�(�ef��(h�� ho�����e� fim(h � m(��p��"h �e�
q
d�p>���oh

πi

p>d*ce�
� � ��� � cejgfipqf8p>���*D � ��h<�(� 
M�(hoh�� fi� �(j8����hf8m c�f

L(A) = L(A1) ∩ L(A2)
�

�
⊆
�3� � hof

w ∈ L(A)
� � ��������d8h�fim c�f�f8m(h �"� � ���+fic�fipq���4�e�

A
���tfim(h 
w��j��

w
h"���(d

p>�4d8� �Th�c ���"h��
fip>��� dgf c�f8h
qf ∈ F

��knm(ho�1�9� j8� � f8m(h �"���+d�fij ���of8p>���t�e�
A1

c����
A2

p f�� �e�>�>� 
ld�fim(c�f�f8m(h �o� � ���+f c?fip>�e�|���
Ai

��� f8m(h 
w��j��
w
ho���(d5pq� f8m(h dgf c�f8h

�"��j�j8hod��������(pq�	� fi�;fim+h �+�>� � �
[qf ]πi

�e��fim+h	� cej�f8pqf8p>���
πi

� �
pq���"h
qf ∈ F

�1p f
���(dgf*m(�����

[qf ]π1
∈ {B1, . . . , Bk}

ce���
[qf ]π2

∈ {C1, . . . , Cl}
� m(ho���"h|� j8� �

fim(h��o���(dgfij�� �ofipq��� �e�
Ai

�
fim+h"d8h��(�q� � �9d �o��j8j�h"d � ��� � f8� fim(h<c����"h��+fipq�	� d�fic�fihod
p>�Gfim+htj�h"d � h��ofip ��hTc �+f8� � c?f c+� knm �+d

w ∈ L(Ai)
� ��j

i ∈ {1, 2}
�1fim(hoj8h � ��j8h

L(A) ⊆ L(A1) ∩ L(A2)
�

�
⊇
�3�l��� 
 d���������d�h

w ∈ L(A1)∩L(A2)
�3knm��(d�fim(h �"� � ���
f c�f8p>����e�

A1

���
w
h"� �(d

p>� ���+h0�e��fim(hndgf c�f8h"d
B1, . . . , Bk

� 
lm+p�� m	�th�ce�(d�f8m c�f�f8m(h �"� � ���
f c�f8p>��� �e�
A���

w

 � �+���4h"���tp>�tcd�fic�fihn� j�� �Zf8m(h �(�(p>�e�t��� �(�q� � �9d

B1∪ . . .∪Bk

� I�d8p>���
fim(h�d8c �Th�c�j � ���th"� f�� ��j

A2

� 
wh ��hof�f8m c�f�fim+h �o� � ���+f c?fip>�e�*�e�
A
�e�

w

 � �+���

h"����p>� c�d�fic�fih�� j8� �
C1∪. . .∪Cl

� �
p>� �"h
(B1∪. . .∪Bk)∩(C1∪. . .∪Cl) = F


 h�� �+f c�p>� f8m c�f f8m(h �o� � ���+f c?fip>�e� �e�
A
h"���(d p>�;c�� c ���oh��+f8p>�	� dgf c�f8he�
m(h"���oh

w ∈ L(A)
ce���

L(A1) ∩ L(A2) ⊆ L(A)
�

�
p>���oh ���efim��(cej�f8pqfipq���(d�cej�h0�(��� fij�pq�.p@c�� �3d8�pqd�f8m(h � � 
 �(h��o� � � ��d�pqf8p>���|� �+ficep>�(h��1�
7 )��.�����*� 5 � 5 � � �(!

A = (K, Σ, δ, q0, F ) � � ��� �(! ���$. +4'*+ �(!,+ 0  '*+4! � � &1! � .�� ! � '��
� �(!

π1
� ' �

π2 � � ' � '*! �$+4R+-� � � ��� � # � �$!-+4!,+ � ' � � '�! 2 � � �(! ��� �(! � ! � � ���
A
� �(&:032�! 2 � !

π1 · π2 � {F, K − F}
� � 2 �('

A
2 ��� ��' � '*! �$+4R+-� � � ��� ) � �30 � . # � �(+4!-+ � ' �

���



��� � ����� ��h d�m ce�q� �o���(d�f8j���� f
A1

ce���
A2

�"��j�j8h"d � �e���(p>���%fi�%f8m(h��(cej�f8pqfipq���(d
π1ce���

π2
cedl� ���>�q� 
ld �

Ai = (πi, Σ, δi, [q0]πi
, ∅)

��
lm(h"j�h
δi([q]πi

, a) = [δ(q, a)]πi

c����
i ∈ {1, 2}

� knm+h �(h��(�(pqf8p>���'�e�nf8m(hTf8jice�(d�pqf8p>���z���(��� fip>�e�
δi

�(�.h"d �(�ef �(h���h"� �����
fim(h � m+��p��oh;�e�

q
ced c �o���(d�h����(h"� �"h �e�nfim(h"� � ��� �+j8� ��h"jgf � �e�

πi

� k��ad8m(� 
\fim c?f
(A1, A2)

pqdnc�
 � � 
 �(h��o� � � ��d�pqf8p>���T�e�
A
� 
 h��(h�� �(h*f8m(hj8ho�@c�f8p>���

R ⊆ π1 × π2

���
fim(h h�� �+pq��ce�>ho���"h

R(B1, B2) ⇔ (B1 ∩ B2 ⊆ F )
� 
lm(h"j�h

Bi

pqd*d8� �Th��+�>� � �a�e��fim+h
� cej�f8pqf8p>���

πi

�
��� 
 
 h<�(hoh�� fi� �(j8���eh|f8m c�f

(∀w ∈ Σ∗); w ∈ L(A) ⇔ R(δ1([q0]π1
, w), δ2([q0]π2

, w))

� ��������d8h f8m c�f*f8m(h	�"� � ���+fic�fipq��� �e�
A

���
w

h"���(d<pq�Gd8� �th d�fic�fih
p ∈ K

� 9 j8� �
fim(h �(h�� �(pqf8p>���z�e��fim+h4f8jice�+d8pqf8p>��� ���+���of8p>���(d

δi

pqf*� ���q�>� 
ld*fim(c�ffim(h �o� � � �+f c�f8p>���
�e�

Ai

��� f8m(h 
w��j��
w
ho���(d0pq�Tfim+h�d�fic�fih �"��j�j8hod��������(pq�	��fi�|fim(h �(�>� � �

[p]πi

�.m(h"���oh

R(δ1([q0]π1
, w), δ2([q0]π2

, w)) ⇔ R([p]π1
, [p]π2

)

ce��� ��� fim(h��(h�� �(pqf8p>��� �e�
R
��
wh �ehof

R(δ1([q0]π1
, w), δ2([q0]π2

, w)) ⇔ [p]π1
∩ [p]π2

⊆ F

A � �.p>� �(d8� �
p ∈ [p]π1

∩ [p]π2

� � �qd8�
[p]π1

∩ [p]π2

pqd0c��(�q� � �4�e��f8m(h � c�j�fip fipq���
π1 · π2ce��� d8p>� �"h

π1 · π2 � {F, K − F}
�2pqf ���(d�f�m(�e��� fim c?flh"pqf8m(h"j

[p]π1
∩ [p]π2

⊆ F
�ej

[p]π1
∩ [p]π2

⊆ K − F
�2knm(hoj8h � ��j8h

R(δ1([q0]π1
, w), δ2([q0]π2

, w)) ⇔ p ∈ F

ce��� fim(h��(j��
�e��p>d �o� � �(�>h fihe�
knm(h � �
� 
 �(h��"� � ����d8p fip>�e�'pqd�c �"� ���(p>�(c�fipq���z�e� f8m(h"�
� 
 �(h��"� � ����d8p fip>�e��c����

fim(h � � 
 �(h��o� � � ��d�pqf8p>���1�+cednfim(h<�(h	�.f�f8m(h"�ej8h�� d8m(� 
ld"�
7 )��.�����*� 5 � = � � �(!

A � �C����� � � +4! 2 � &1!/& ' � ���1032 � � � � �(! � ! � ��� (A1, A2)
+ �C� '

� ���/) � �30 � . # � �(+4!-+ � ' ���
A

+ � � ' ��� '*� �+ �
(A1, A2)

+ � � � ! 26� ' ���/) � �30 � . # � �(+4!,+ � '
� ' � � ' � � ) � �30 � . # � �(+4!,+ � ' ���

A
�

��� � ����� �
⇒
�Gknm(h`d�f c?fih��th"� f'c ��� �+f>�
� 
 �(h��"� � ����d8p fip>�e� �"� �th"d �+p>j8h��of8���]� j8� �

fim(h �(h�� �(p fip>�e�(d ce����f8m(h d�fic�fih��Tho�9fTc ��� �+f � � 
 �+h��"� � ����d8p fipq���(d�pqd4c �"��� 

d8h�� �+h"���oh �e�|knm(ho��j8h�� � � � c���� knm(h"��j�h�� � � � � knm(p>d p�� �(�qp��"c�fipq��� m+�����(d

lpqf8m(� �+fnf8m(h|ced8d ��� �
fip>�e� ���5j�h�c � m c��(p>�qpqf �T�e��c��>�1dgf c�f8h"dl�e�

A
�

�
⇐
� � hof

(A1, A2)
��h c�� �+� 
�ce��� � � 
 �(h��"� � ����d8p fip>�e�G�e�

A = (K, Σ, δ, q0, F )
�

� hof
α
� hnf8m(h � c � �(p>�	��epq��ho� ��� f8m(h �(h��(�(pqf8p>��� �e� �+� 
 �(h��o� � � ��d�pqf8p>���1� ��h

�(h"h�� fi� �(j8���eh�fim(c�f�� ��j�ce�>� dgf c�f8h"d
q
���

A
�
q ∈ F ⇔ α(q) ∈ F1 ×F2

��
lm(h"j�h

�1�



Fi

p>dnfim+h d�hof��e�2c ���"h��+fipq�	� dgf c�f8h"d��e�
Ai

�
i ∈ {1, 2}

� � h f
q ∈ K

ce���a�qhof
w

� h|c�
w��j�� d���� m fim c?f
δ(q0, w) = q

��knm(h"�

q ∈ F ⇔ w ∈ L(A) ⇔ w ∈ L(A1) ∩ L(A2) ⇔ α(q) ∈ F1 × F2


lm(h"j�h;fim(h � j8dgf h����(p �ec��>h"� �"h pqd�p�� �(�qp>h�� ��'fim(h � m+��p��oh;�e�
w
��fim(h;d�h��o�����

m(�����(d ��h��"c �(d8h
(A1, A2)

p>d�ce� � � 
 �(h��"� � � �ed8pqf8p>��� ce��� fim(h fim(pqj��apqd�c �"��� 

d8h�� �+h"���oh �e�|fim(h �(j�� ��h"j�f8p>hod �e�

α
� � cej8ce� fih"h�� ���f8m(h �(h��(�(pqf8p>��� �e�|fim+h

�+� 
 �(h��o� � ����d�pqfipq���1�

knm(hoj8h4p>d*ce�>d�� c j�h"�>c�fipq���(d8m+p�� ��hof 
wh"ho� �+� 
�c����>� � 
 �(h��"� � ����d8p fip>�e�(d"� p>� ��c � f
�+� 
$p>d�c�dgfij8�e�	��h"j���hoj8d�p>��� ��� c�dgf c�f8h 
 p��(ho�9f8pq� �.p>��� �+h��"� � ����d8p fipq���1�?ced�fim(h�� ���>�q� 
lp>�	�
f 
 � �(j8� ����d�pqfipq���(d0d�m(� 
<�
+-��� � � � � � � 5 � 5 � � �(!

A1 = (K1, Σ, δ1, p1, F1)
� ' �

A2 = (K2, Σ, δ2, p2, F2) � ���� � ��� � � �32 � �4�:0�� �4�*� # � + � ��� �(! � ! � �
(q, r) ∈ K1×K2

j8h"c � m c �(�qh �K+ � ! 2 ��� � �"! + �(! �
� ����� �

w ∈ Σ∗
�(&:032�!42 � !

δ1(p1, w) = q
� ' �

δ2(p2, w) = r
�

7 )��.�����*� 5 � � � � �(!
A = (K, Σ, δ, q0, F ) � � � ��� � � ' � � �(!

(A1, A2) � ��+4! �
���/) � �30 � . # � �(+4!,+ � ' � � 2 �('

(A1, A2)
� � � � � ���$. �Q� ' � � ) � �30 � . # � �(+4!,+ � ' ���

A
�

��� � ����� � h f
Ai = (Ki, Σ, δi, qi, Fi)

�
i ∈ {1, 2}

� �.p>���oh
(A1, A2)

p>dzce� �+� 

�(h��o� � ����d�pqfipq��� �e�

A
�nf8m(h"j�hah��
pqd�fid ce��pq� ��h�� fipq�eh �Tc ���(pq�	�

α : K → K1 × K2d���� m fim c�f�p fnm(�����(d
α(q0) = (q1, q2)

ce���

(∀a ∈ Σ)(∀p ∈ K); α(δ(p, a)) = (δ1(p1, a), δ2(p2, a))
B �D


lm(h"j�h
α(p) = (p1, p2)

� � hof �(d �(h�� �(h|ct�+h�
 �Tc ���+p>�	�
β : K1 × K2 → K

��

β(p1, p2) =

{

p
pq�
∃p ∈ K, α(p) = (p1, p2)

q0

�efim+h"j 
lpqd8h B � D

�
p>���oh
α
p>d�pq� ��h�� fipq�ehe�9fim(hoj8h�h��
p>dgfid c�f �T��dgf����(h�d���� m

p
ce���tfim(pqd �+h�� �(p fipq���4p>d �"��j 


j8h�� f�� ��h*�(� 
 �(hoh��;fi� �(j8���eh�fim c?f
β
dic?fip>d � h"d�fim(h �"��� �(pqf8p>���t� j8� �Vf8m(h �(h�� �(p fip>�e�

�e� � � 
 �(h��"� � � �ed8pqf8p>���$�+p � he� �+f8m c�f

(∀w ∈ Σ∗); β(δ1(q1, w), δ2(q2, w)) = δ(q0, w)

knm(p>d ��ce� ��h��(j�����h�� ��actf8j8pq�.p>ce��p>����� �ofipq��� �(d8pq�	�
α(q0) = (q1, q2)

� ��jlfim(h � j8dgf
d�fih�� ce���5BE��Dwce� �5B � D2� ��jwf8m(h�pq������� fip ��h*dgfih��$�+m c��.p>�	��p>� �tp>���tfim c?fnce�q��f8m(h � c�p>j8d
�e�2d�fic�fihod 
wh�ho���"� �+�9f8h"j*pq� f8m(h��o� � ���+f c?fip>�e� ���

A1||A2

cej�h fim��(d�j8h"c � m c �(�qh�c����
fim(hoj8ho� �ej8h�
 h ce� 
0c �.d�c ���(� � fim+h �(j8d�f ����d8d�p��(pq�>p f � pq�;B � D �

�e�



A �*� � � 5 � H � � �(!
A � � � � � � � +4!42 � & ! &1' � ���1032 � � � � �(! � ! � � � ' ��� �(!

(A1, A2) � �+4! ��� � ) � �30 � . # � �(+4!,+ � '�� � +4! 2
β � �(+4'	� !42 � 0 ���	� � � # � ' � +4'	� .��(# # +4'	� � � 2 �('

(A1, A2)+ � � ' � � ) � �30 � . # � �(+4!-+ � ' ���
A

+ �/� ' ��� '*�  + �
β

+ � +4' � �30(!-+4R � � ' � �4� � ���1032 � � � �L# � + � ���� �(! � ! � ���
��� � ����� �

⇒
� � �

(A1, A2)
pqd2ce���+� 
 �+h��"� � ����d8p fipq��� �e�

A
��fim(ho�

β
� � �.p>� �+d8��� m ced�f8�

� h �"�e�(d�f8j���� fih��ap>� d���� mac 
 c �e� fim c�f�pqf ��h"m(c��eh"d���� ce�q�1j8h"c � m c �+�>h � cep>j�dl�e�
d�fic�fihod2ced�fim(h

β
� c � �(p>�	��p>�|fim(hwh���� c�f8p>���"B � D�p>�<fim+h �(j��
�e�(�e� knm(ho��j8h�� � � �+�

�efim+h"j 
lpqd8h0p f 
 � �+��� �(��f5���(� � �>��f8m(h �o�����(p fip>�e� ����d8h�� ����f8m(h �Tc ���(pq�	� ���|fim+h
�(h��(�(pqf8p>��� �e�5f8m(h � � 
 �(h��"� � � �ed8pqf8p>���$� �
pq���"h<fim+h �Tc ���(pq�	�

α
pqd�c �(p ��h��of8p>���

� h f 
 hoh"�tfim(hnd�hof��e��d�fic�fihod2�e�
A
ce��� fim+hnd8hof����$c��>�+j�h�c � m(c �(�>h � cep>j�d��e��d�fic�fihod

�e�
A1

ce� �
A2

�
β
�(h��(�(h��'ced*p fid*pq� ��h"j�d8h ��� f8m(h d8h f�e��j8h"c � m c �+�>h�� c�p>j8d��e�

d�fic�fihod 
lpq�>� ��h<p>� ��h��of8pq��h�e� f8m(p>dld�hof��
�
⇐
� � hof

(A1, A2)
��hce��� � 
 �(h��o� � ����d�pqfipq���t�e�

A
ce��� �qhof

β
��h*pq� ��h�� fipq�eh*���;f8m(h

d8h f��e��j8h"c � m c �+�>h�� cepqj8dn�e��d�fic�fihod"� �>h f
βr

�(h"�(��fihfim(h��Tc ���(pq�	�
β
j�h"d�f8j8p��ofih��

��� fi�Pf8m(h d8h f �e� ce�q��j�h�c � m(c �(�>h � cep>j�d �e�|dgf c�f8h"d;�e�
A1, A2

� �
p>���oh
A

m c�d
�(� �(�(j8h"c � m c �+�>h4d�fic�fihod"�

βr

pqd<ce�>d�� d��(j4��h��of8pq�ehe��fim��(d�
 h ��c�� �(h�� �(hTc �(h�

� c����(p>���

α : K → K1×K2

��*fim+h�h���� c�fipq���
α(q) = β−1

r (q)
� �
pq���"h

β
� c �+d

fim(hwp>�(p fip>ce��d�fic�fihw��� fi��f8m(h pq�(pqf8p@ce��d�fic�fih���d8� �+�
hod
α
�ece��� d8p>� �"h

β
d8c�fipqd�� hod�fim+h

�"��� �(pqf8p>���G� j8� � fim(h �(h��(�(pqf8p>���z�e�wfim(h"� � 
 �(h��"� � ����d8p fip>�e�1��pqf<p�� �(�qp>hod�fim c?f
ce�>d��

α
d8c�fipqd�� hod fim(h �"��� �(pqf8p>��� B p4D � j8� � fim(h �(h�� �(p fip>�e� ����j�h�ce�qp���c?fip>�e���e�

d�fic�fih���h"m(c��.pq��j"�knm(hoj8h � ��j8h
(A1, A2)

pqd*ce�5�
� 
 �(h��"� � ����d8p fip>�e�a�e�
A
� 
lpqf8m

fim(h��o��j8j�h"d��������+p>�	� � c����(p>���
α
�

knm(h �"��� ��hoj8d�hn�e� knm(ho��j8h�� � � � �(�.h"d��(�ef5m(�����$� ��h���c��(d8h 8 �+c � �(�>h � ��� �(j�h"d8ho� fid
c �tp>�+p��Tce�3c �+f8� � c?fi����f8m c�f�m c�d�ce� � � 
 �+h��"� � ����d8p fipq��� ���
f��(� �+� 
 �+h��"� � ����d8p fipq���
ce��� c ���o��j��(pq�	�0fi�lknm(ho��j8h�� � � �
��fim(pqd � � 
 �(h��o� � ����d�pqfipq���*pqd�ce�>d��nd�f c?fih 
 p��(ho� fipq� �.pq�	�(�

knm(hlj�h"�@c?fip>�e�(d8m(p��	� h f 
 hoh"�"�+� 
5ce��� � �
� 
 �(h��"� � ����d8p fip>�e� p>d2� � �.p>� �+d �+p>j8h��of8���
� j8� � fim(hop>j �(h�� �+pqfipq���(do� � c?fih"j"B�pq� fim(h �(j8�.�e�l�e��knm(ho��j8h�� N � # D c��Ph��+c � �(�>h �e�
ce� c �+fi� � c�f8��� 
lm+p�� m m cedlc �(�e�9f8j8p �
p>ce� �+� 
 �+h��"� � ����d8p fipq��� ���
f �(�
hodn�(�efnm(c��eh<c
�(��� fij�pq�.p@ce� � �+� 
 �(h��o� � � ��d�pqf8p>���;pqdnh��
m(p��(pqf8h��1�

� f p>d ce�qd8�Ph"ced � fi��d�h"haf8m c�f;� �ej;ce����+����
 �tp>�+p��Tce�nc �+f8� �Tc�fi���
A


lpqf8m(� �+f
�(�(j8h"c � m c �+�>h d�f c?fih"do� fim(hoj8h h��
p>dgfid'c �(��� fij�pq�.p@c�� � � 
 ce� � 
 � � 
 �(h��"� � � �ed8pqf8p>���
(A1, A2)

d ��� m�fim(c�f
A1

pqdTf8m(h �tp>�(p�� ce�0c �+fi� � c�f8���%h����(pq��ce�qh"� f f8�
A

ce���
A2m cedl���(� �;���(h<dgf c�f8he��knm(p>d �(h��"� � ����d8p fip>�e�;p>dn� � �.p>� �(d8� � �(�efldgf c�f8h 
 p��(h"� f8pq� �.p>�	�+�

95p � �(j�h �ld���� � c�j8p��oh"d2c��>�
f8m(hlj8ho�@c�f8p>���(d�m(p��+d2c �t���	�*fim+h �+h��"� � ����d8p fipq����f � � hod
fim c�f 
wh<m c���h|d8m(� 
l�ad��t��c�j"�

��� 
 
 h<d�m(� 
 fim(c�fn� ��j0fim+h �"ced8h<�e��d8� 
 ��c��>�>h�� � hoj�� h��of �(h��"� � � �ed8pqf8p>���+d"�+d�� �th
�e��f8m(hf � � hod��e� �(h��"� � � �ed8pqf8p>��� �th"� f8p>���(h�� �"��pq���"p��(he�

� �



ASB

zzuuu
uu

uuu
u

##G
GG

GG
GG

GG

AI

×uuuu

::uuuu

min
III

I

$$II
II

��

×

$$

SB

{{www
ww

ww
ww

×GGGG

ccGGGG

SI

zzuuuu
uuuu

u

×wwww

;;wwww

wAI

×

::

��hod��oj8p��
fip>�e� �

A // B
� ho�eh"j � � 
 �(h��"� � ����d8p fip>�e�]pqd ce�>d�� c

� 
 �(h��"� � � �ed8pqf8p>���

A × // B
� �(�ef5ho�eh"j � � 
 �+h��"� � ����d8p fipq��� pqd�ce�qd8�

c4� 
 �(h��o� � � ��d�pqf8p>���

A × // B
� fim+h"j8h h	�+pqd�f8d`c^� 9 � fim(c�f�m ced`c

�+��� fij8p �.p@ce� � 
 �(h��"� � � �ed8pqf8p>�������
f �(�.h"d��(�ef
m(c��eh�c �(�e�9f8j8p �
p>ce�1� 
 �(h��"� � � �ed8pqf8p>���

95p�� �+j8h � ���lh"�>c�fipq���(d�m(p��(d � h f 
 hoh"� �(h��"� � ����d8p fip>�e� f � � hod��e�5� 9 �

+-��� � � � � � � 5 � = � � �(!
t � �	�>! 3# � ����� �30 � . # � �(+4!,+ � '��

t ∈ {ASB, SB, AI, SI,

wAI}
� � �(!

A � � � � � � 2 � R+4'	�
n
�(! � ! � ��� � �(!

A1

� ' �
A2 � ����� � � 2 � R+4'	�

k
� ' �

l
�(! � ! � ��� � � � # �30(!,+4R �(�  � � � �32 � �4� 0�� �4� ! 2 ��# � + �

(A1, A2)
� ��h"jg� h�� f

t

 �(h��"� � � �ed8pqf8p>���

���
A
� + � +4! � ���(. � �

t
) � �30 � . # � �(+4!-+ � ' ���

A
� ' �

n = k · l
�

7 )��.�����*� 5 � & � � �(!
A � � � � � � � +4!426' ��& ' � ���1032 � � � � �(! � ! � � � ' ��� �(!

(A1, A2)

� � �/# � + � ��� ��� � � � 2 �('
(A1, A2)

� ���(. � �/# ��� � �30(! � � ) � �30 � . # � �(+4!,+ � '����
A

+ � � ' �
� '*� C+ �

(A1, A2)
� ���$. �Q� # ��� � �30(! ���/) � �30 � . # � �(+4!-+ � ' ���

A
�

��� � ����� A �(h��e��fim(h p�� �(�qp��"c�fipq���(dlp>dc �o���(d�h����(h"� �"ht�e��knm(h"��j�h�� � � N � � d*fi�;fim+h
d8h��o�����;�e�(he�.d8pq���"h

(A1, A2)
� �ej��tdwc���h"j�� h��of � � 
 �+h��"� � ����d8p fipq��� �e�

A
�.h�c � mT�e�$f8m(h

� cep>j�d�e��d�fic�fihod|���
A1

ce���
A2

cej8h�j8h�c�� m c �(�qh4ce���zh�c � m � cepqj*m ced*f8� �"��j�j8hod��������
fi� c �(p �$hoj8ho�9f|dgf c�f8ht���

A
p>�Gf8m(h �Tc ���+p>�	�

β
��fim+h"j8h � ��j8h

β
pqd��(p ��h��of8pq��htce� �'f8m(h

fim(ho��j8h�� � ���>�q� 
ldw� j8� � � h�� �Tc � � �
�
I ���3�.�G� � �$9 5 ��� � � �(!

A � � ��. +4'*+4.�� � ��� � � ' � � �(!
(A1, A2) � � � # � + � ��� ��� � �

� 2 �('
(A1, A2)

� ���(. � � # ��� � �30(! ��� ) � �30 � . # � �(+4!-+ � ' ���
A

+ �Q� ' ��� '*� �+ �
(A1, A2)� ���(. � � # ��� � �30(! � ���/) � �30 � . # � �(+4!,+ � ' ���

A
�

��� � ������knm+h��(j��
�e� �(p>j�h�� fi��� � �e�>�>� 
ldn� j8� �Dknm(h"��j�h�� � � N ��knm(h"�ej8h�� � � �tc���� knm(h 

��j8h�� � � # �

� dc �"���+d8h����(ho���"h4�e��f8m(h"d�h ��c �of8d"� 
wh	��c�� �(d8h f8m(h �(h��"h"d�dicej �zce���Gd ��� �"pqh"� f
�"�����+pqfipq���(d�d�f c?fih��Gpq�aknm(ho��j8h�� � � � f8�;�>�.���;� ��j � hoj�� h�� f � � 
nce���;� � 
 �(h��o� � � ��d�p 

fip>�e�(d"�

��� 
<�w�>h f	�(dtp>�(d � h��of4fim(h j�h"�@c?fip>�e�(d8m(p�����hof 
wh"h"� �(h��o� � ����d�pqfipq���(d ���*ce� c ��

fi� �Tc�fi�e� ce��� fim(h��(h��"� � � �ed8pqf8p>���+d0�e��fim(h��"�ej8j8hod��������(pq�	� �Tpq�(p��Tce��c �+f8� � c?fi���1�
7 )��.�����*� 5 ���� � � �(!

A = (K, Σ, δ, q0, F ) � �C����� � � ' �	� �(!
Amin � ���6. +4'*)

+4.�� � ��� � �(&*032;! 2 � !
L(A) = L(Amin)

� � �(!
(A1, A2) � �C� ' � � ) � �30 � . # � �(+4!,+ � '

� �



 � � ) � �30 � . # � �(+4!,+ � '�� � � � ) � �30 � . # � �(+4!,+ � ' � ���
A
� !42 �('

(A1, A2)
� � � � � ���$. � � � �()

0 � . # � �(+4!,+ � ' ���
Amin

��� !42 � ��� . � ! $# ���

��� � ����� 9�p>j8dgf����(��fih fim(c�ffim(pqd*fim(ho��j8h�� �(�.h"d�(�ef|dgf c�f8h4f8m c�f|ce��G���wf8m(h �(h��o� � 

� ��d�pqf8p>���(dnpqdn�(��� fij�pq�.p@c�� �

k�� �(j�����h f8m(h dgf c�f8h��th"� f�� ��j � � 
 �(h��o� � ����d�pqfipq���(do��d ��������d8hTfim c�f
(A1, A2)

p>d
ce�@� � 
 �(h��"� � ����d8p fip>�e�P�e�

A
�2fim��(d f8m(h"j�h h	�
p>d�f8d4c � c � �(p>�	�

α : K1 × K2 → Kd���� m fim c�f�p fnm(�����(d

(∀w ∈ Σ∗); α(δ1(q1, w), δ2(q2, w)) = δ(q0, w)
B � D


lm(h"j�h
δi

ce� �
qi

c�j8hTf8m(h f8jice�(d�pqf8p>���z���(��� fip>�e��ce��� f8m(h;pq�(pqf8p@ce�2dgf c�f8h �e�nf8m(h c ��

fi� �Tc�fi�e�

Ai

� �.p>���oh
Amin

p>d�f8m(h �Tpq�(p��Tce�.c �+f8� � c?fi���	�o��j8j�h"d��������+p>�	�<fi�
A
��f8m(h"j�h

h��
p>dgfid�d8� �th�� c����(p>���
β : K → Kmin

d ��� m f8m c�f

(∀w ∈ Σ∗); β(δ(q0, w)) = δmin(β(q0), w)
B � D


lm(h"j�h
δmin

p>d<fim(h4fij8ce�(d�pqfipq���z���(���of8p>���'�e�
Amin

c����
Kmin

p>df8m(h d�hof ���0d�fic�fihod
�e�

Amin

�R� ��fim+h �o� � ����d�pqfipq�����e� fim(hod8h � c����(p>����d 
 h'� �+ficep>��f8m(h � c � �(p>�	�
β ◦ α : K1 × K2 → Kmin

� I�d�p>�	�6B � D0ce���>B � D 
wh<� �+ficep>�

(∀w ∈ Σ∗); (β ◦ α)(δ1(q1, w), δ2(q2, w)) = β(δ(q0, w)) = δmin(β(q0), w)

ce���Pd�p>���oh
β
� c��(d f8m(h pq�(pqf8p@ce��dgf c�f8h;�e�

A
��� fi� fim(hTp>�(p fip@c���d�fic�fih;���

Amin

�5f8m(p>d
h���� c�f8p>���td8m(� 
ld�fim c?f

β ◦α
p>d�f8m(h � c � �(p>�	�*f8m c�f �o� ���(pq�(h"d

A1

ce���
A2

p>� fi�
Aminp>� fim(h�
 c � fim c�fnf8m(h��(h��(�(pqf8p>��� �e� � � 
 �+h��"� � ����d8p fipq���;j8h����(p>j�h"d"�

knm(pqd2d�fic�fih��Tho�9f�pqd�fij8p �.p@ce�9� ��j�fim+h � � 
 �(h��"� � ����d8p fip>�e�1�ed�p>���oh
L(A1)∩L(A2) =

L(A) = L(Amin)
� 
lm(hoj8h fim+h �(j8d�f<h���� c�fipq��� �"� �th"d*� j�� � f8m(h �(h��(�(pqf8p>���G�e� � � 


�(h��o� � ����d�pqfipq��� ce��� fim+h|d�h��o����� h���� c�f8p>��� p>dn���+h�e��� �+jlced8d ��� �
fip>�e�(d"�
knm(h<d�pqf �(c�fipq��� p>dnd8p��Tpq�@cej�� ��j 
 � � 
 �(h��"� � � �ed8pqf8p>���$� �
p>���oh

(A1, A2)
pqdlc 
 � � 


�(h��o� � ����d�pqfipq��� �e�
A
�(f8m(h"j�h|h	�
p>d�f8d�ctj�h"�@c?fip>�e�

R ⊆ K1 × K2
d ��� m f8m c�flp flm(�����+d

(∀w ∈ Σ∗); R(δ1(q1, w), δ2(q2, w)) ⇔ w ∈ L(A) ⇔ w ∈ L(Amin)


lm(h"j�h
qi

p>d�f8m(h pq�(pqf8p@ce�ed�f c?fih ���
Ai

�5knm(hoj8ho� �ej8h
(A1, A2)

pqd5c��>d8��c 
 � � 
 �(h��"� � � �ed8p 

fip>�e� ���

Amin

�

�0c�d8h��t���4fim(h�c ������hlfim(ho��j8h��Vpqf2f8m��(dwd ��� �"hodwfi�|p>�+d���h��of�f8m(h � � 
 B � � 
 �
 � � 
ED
�(h��o� � ����d8c �(p>�qpqf ����+fim+h �tp>�(p�� ce�ec �+f8� � c?fi��� c ���oh��+f8p>�	��c ��p ��ho���@c��	� � c �ehe��ce����p �

 h0d�m(� 
 pqfid �(���+h��"� � ����dic��(p>�qpqf ��� 
wh �9�(� 
`fim c�f�fim+h j8h��"���e�(pqf8p>���|�e�(f8m(p>d��@ce��� � c ��h
��ce�(�+�ef � h�� cej8ce�>�qh"�qp��"h��;p>�;f8m(h<j8hod���h��of8pq�eh 
 c ���

?�� 
who�eh"jo�1fim(pqd �(�.h"d��(�ef�m(����� � ��j �
� 
nc���� � �
� 
 �(h��"� � ����d8p fip>�e�(d"��ced�h��
m(p�� 

pqfih�� ��� f8m(h� ���>�q� 
lp>�	� h	�+c � �+�>he�

� N



��� � �0/�� � 5 �G�� � h f �+d �o���(d8p��(h"jlfim+h|�>ce�	� �(c ��h
L = {a2kb2l|k ≥ 0, l ≥ 1}

� knm(h
�Tpq�(p��Tce� c �
fi� �Tc�fi�e�

Amin = (K, ΣL, δ, a0, {a0, b0})
m ced0p fid�fijic��(d8p fip>�e�T���(��� fipq���

�(h�� �+h�� �� f8m(h� ���>�q� 
lpq�	� f8jice�+d8pqf8p>��� �+p@c ��j8c ���

a1
b //

a

��

R

a0
b //

a

HH

b1

b ))

a

OO

b0
b

ii

a
ll

� h ��ce�Ph"ced8pq���zd�m(� 
Jfim c�f fim(pqd�c��+fi� �Tc�f8��� �+�
hod��(�ef m c���h;ce����+��� fij8p �.p@ce� �+� 

B ce���'fim��(d|�(h"p fim(hoj � �+� 
ED��+h��"� � ����d8p fipq��� ��zh"�����th"jic?fip>��� p fidQ� � ��� � cejgfipqf8p>���+d"�
��� 
F�>h f �+dTh	�(c��Tpq�(h fim(h c �+f8� � c?fi���

A′ = (K ′, ΣL, δ′, a0, {a0, b0})

lpqf8m f8m(h

fijic��(d8p fip>�e�;���(���of8p>���
δ′
�(h�� �+h�� ��;f8m(h� ���>�q� 
lp>�	���+p@c ��j8c ���

a1
b //

a

		

R1

b **
R0

b

jj

a0
b //

a

II

b1

b
))

a

OO

b0
b

ii

a

OO

� �>h�c�j8���e�
L(A′) = L(Amin)

� ���
f �� p>�(d � h��of8p>�	�tfim(h �@c�f�fip��oh�e� � � ��� � cejgfip fip>�e�(dl�e�
A′
� 
 h �"ce��f8m(h �(��� fim+h � cejgfip fip>�e�(d

π1 = {{a0}, {a1}, {b0, b1}, {R0, R1}}
ce���

π2 = {{a0, a1, b0, R0}, {b1, R1}}
d ��� m'f8m c�f

π1 · π2 = 0
c����Gfim(h � d8h�� cej8c�fih f8m(h

� � ce��d�f c?fih"d��e�
A′
�*� �aknm+h"��j�h�� � � � 
 h	�"ce� �(d�h fim(hod8h�� c�j�fip fipq���(dlfi� �o���(d�f8j���� f

ca�(��� fij�pq�.p@c�� � �+� 
 �(h��o� � ����d�pqfipq���'�e�
A′

� ��j��th�����'fim(h c �+f8� � c?f c
A1

ce���
A2m c��
pq�	�4fim(hop>j0fij8ce�(d�pqfipq��� ���(� �ofipq���(d �(h�� �(h�� ��;fim(hf8jice�(d�pqf8p>��� �(p>c ��j8c �Td

{a1}
b //

a





{R0, R1}

{a0}
b //

a

JJ

{b0, b1}

a

OO
and {a0, a1, b0, R0}

b




{b1, R1}

b

JJ

knm(p>d�pqd�ce� � �+� 
 �(h��o� � � ��d�pqf8p>����ce����f8m(h"j�ho� ��j�hnce�>d��ce���
� 
 �(h��"� � ����d8p fip>�e�1�����ef8h
fim c�f ���efim

A1

ce� �
A2

m c��eh �qh"d8dndgf c�f8h"dlfim c��
Amin

�
� �Gfim+h � ���>�q� 
lpq�	�Tf8m(h"�ej8h�� B�pq�(d��(pqj8h�� ���Gc d�p��tp>�>cejnfim(ho��j8h�� p>� ��� � D 
 h4dgf c�f8h

c �"�e���(pqf8p>��� �(� �(h"j 
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L1 = {w ∈ {a, b, c}∗|#a(w) mod 3 = 0 ∧ #b(w) mod 5 = 0} ∪

∪ {w ∈ {a, b, c}∗|#a(w) mod 3 = 2 ∧ #b(w) mod 5 = 4}

L2 = {w ∈ {a, b, c}∗|#a(w) mod 3 = 0 ∧ #b(w) mod 5 = 4} ∪

∪ {w ∈ {a, b, c}∗|#a(w) mod 3 = 2 ∧ #b(w) mod 5 = 0}

� f pqd*h�c�d � f8� d�h"h fim(c�f��Tpq�(p��Tce��c �+f8� �Tc�f cT� �ej�� �ef8m
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 ��c ���oh��+f8p>�	�|d�fic�fihod3D �2knm+h"p>j � �+� 
 �+���(h��o� � � ��d8c �(pq�>pqf � ��c��;c � c�p>� � hlh"ced8pq���
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π1 · π2 = 0
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knm(h	�tp>�+p��Tce��c �+f8� � c?fi��� � ��j�fim+h	�(�(p>�e�
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d�f8p>�>��d8c�fipqd�� � fim(h��o�����(p fipq���
π1 · π2 = 0
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 c��>d8� d8h��(cejic�f8h
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knm(h"��j�h�� � � � �+f8m(h<�@ce��� � c ��h
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L2 = {bi|i ≥ k}
� �ej�d�� �Th ��pq�eh"� �"���(dgf ce� f

k ≥ 1
� � ���"��j �(p>���`f8� � h�� �Tc N � � � �Tpq�(p��Tce��c �+f8� �Tc�f c�� �ej � ��fim �@ce��� � c ��hod

m c���h
k + 1

dgf c�f8h"d ce���]cej�h 
 � � 
 �+���(h��o� � � ��d8c �(�qh B ce� �]m+h"���oh ce�qd8� � � 
Tce���
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dgf c�f8h"do��m c��.p>���0fim(h �o��j8j�h"d��������+p>�	�

� �



fijic��(d8p fip>�e�;���(���of8p>���+d �+h�� �(h�� ��;f8m(hfijic��(d8p fip>�e� �(p@c �ejic �td

q0
a,b // q1

a,b // q2
a,b // qk−1

a,b // qk

qa

b

!!B
BB

BB
BB

B

q0

a
>>}}}}}}}}

b

  A
AA

AA
AA

A
qab

qb

a
==||||||||


lpqfim�c ���"h��
fip>��� dgf c�f8h"d
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L(A1) ∩ L(A2) = L1 ∪ L2
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L = {a6}

� 
lm(p�� m'pqdc � 

�"��j �(p>�	�4fi� � h�� � c N � �
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L
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L1 = {a}+ ce��� fim(hz�ef8m(h"j c ���oh��+f8p>�	�`fim+h
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L2 = {a2k|k ≥ 0}
�'knm(p>d pqd c �(h��"� � � �ed8pqf8p>��� �e��ce�>� �(h"d�p>j�h���f � � hod"�
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 ��j �G�@ce��� � c ��h
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L
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 � � 
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h−1(L) = {w ∈ {a, b}∗|h(w) ∈ L} = {w ∈ {a, b}∗|h(w) =
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fim c�f

h−1(L) = {w ∈ {a, b}∗|#b(w) = 1 ∧ |w| = k}
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