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preliminaries

parovacia funkcia
(y)=y+(x+y+1)(x+y)/2
(x,y,2) = (x,{y,2))

B* {e,0,1,00,01,10,11,...}
retazce—prirodzené &isla, B* <+ N
{(¢,0),(0,1,),(1,2),(00,3),(01,4),...}

//nerozlisujeme medzi retazcom 01 a &islom 4
//niekedy medzi retazcom 100 a &islom 4

dizka retazca w, kardinalita mnoziny A:  /(w), d(A)

D :{0,1}* = N D(y) = x, y je kéd, x je vzor



preliminaries

o [ 170, i=0
prefixny kéd Ei(x) = { E 1(I()x, i>0
= E1(x) = BEo(I(x))x = 1'0)0x  ~s [(E1(x)) = 2/(x) + 1
£1(100000001011) = 1120100000001011, /(x) = 25
Ei(x) = 11111000010~ x = 00010

X

Ex(x) = I(x)x = 1/0CN0I(x)x  ~» I(Ea(x)) = I(x) + 2/(I(x)) + 1
£,(100000001011) = £;(/(100000001011))100000001011 =

111101100 L (x) =21

E>(x) = 11101111000001 ~~ x=1000001

Xy = 111011011 = x=110, y =11
Xyz = 1110110 11 = x=110, y =010, z=11

llviem, aké kodovanie pouzivam!!!



Algorithmic complexity

popis objektu // ma zmysel, ak z neho objekt vieme zrekonstruovat

m enumeréacia objektu x z mnoziny S prirodzenym &islom n(x)

m p € N, potom /(p) oznacuje dizku binarneho zapisu p

Cs(x) = miny{l(p) | f(p) = n(x)}

zlozitost objektu x vzhladom k metéde

p -~ program f ~ poditac



Algorithmic complexity

m f (aditivne) minorizuje g ak 3¢ Vx : C¢(x) < Cg(x) + ¢

ak uvazujeme r metéd fq, ..., f,, na identifikdciu met6dy staci
povedat log r bitov

m metddy st ekvivalentné ak sa navzajom aditivne minorizuji

m C je trieda ¢iastoénych funkcii na Z*. Funkcia f je
univerzalna (aditivne optimalna) pre C ak

feC & [VgeCcg: Ce(x) < Cg(x)+ crg

m univerzalne funkcie st "ekvivalentné:"

|Cr(x) = Cg(x)| < max{cr g cgr}



Algorithmic complexity
[ Jelele]e]

Searching for a suitable method

Trieda F v3etkych €iastoénych funkcii/popisnych metéd nema
minimalny prvok

Sporom - nech f je univerzalna pre F
m uvazujme postupnost retazcov S = x1, X2, . . ..
m definujme funkciu g : g(i) = x;
m Kolmogorovska zlozitost retazcov z S
Cg(xi) < 2logi+ O(1)
2logi+ O(1)
~» f nie je univerzalna o

V triede €iastoéne rekurzivnych/computable funkcii minimalny prvok
existuje = —

metédy — {® | ® je Ciastocne rekurzivna funkcia}
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Searching for a suitable method

Theorem (invariance)

Existuje univerzalna ciastocne rekurzivna funkcia.

m usporiadanie TS ~~ usporiadanie PRF

m &g, funkcia, kt. pocita UTS;
vstup: p — kéd TS T,,  p — program

= Go((n, p)) = Ta(p)
ak UTS = Ty, potom U(0p) = U(p)

C¢0(X) < Cq>n(X) + Co,,, Cop,, = 2/(/7) +1
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Searching for a suitable method

x,y,p € N:  PRF ® spolu s p,y je popis x & d<y,p>=x

podmienena Kolmogorovska zlozitost

[ min{l(p) : ®((y,p)) =x} ak p existuje
Colxly) = { 00, ak p neexistuje

Theorem (conditional invariance)

Existuje univerzalna PRF ®¢ pre triedu PFR, ktoré pocitaji x z y,
pricom
Coo(x]y) < Co(x|y) + co

= Po((y, (n,p))) = ®n((y, p))
B Coo(x]y) < Co,(xly) + co,,  co, =2/(n) +1 O



Algorithmic complexity
[e]e]e] Jo]

Searching for a suitable method

na vol'be univerzalnej funkcie nezalezi

m V aditivne optimalne funkcie W, ¥’ Jay

Vx,y |Cu(xly) — G (x|y)| < cyw

| C(xly) = Coolxly)| | C(x) = Coy(x]e) |

hl'adanie spravneho modelu
m T (samoodelujaco) popisuje stroj; model, resp. regularita
p popisuje program; neregularita

| C(x) = min{I(T) +1(p) : T(p) = x} + O(1)]

B mint{l(T)+C(X|T) | T€{Ty, T1,...}}
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Searching for a suitable method

de,Vx,y  C(x) < I(x)+c, C(xly) < C(x) +c

m Cr(x|ly) = C(x) ked T so vstupom (z, y) vypocita x prave
vtedy, ked UTS vypocita x pri vstupe (z, €)
m C(xly) < Cr(xly) +c=C(x) +¢

m C(xx) = C(x)+ O(1)

m ak O je totalna injektivna rekurzivna, potom
dec: |C(P(x)) - C(x)| <c

B C(x+ C(x)) <7

g
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some properties of C

B C(x,y) < C(x)+ C(y)+ 2log(min{C(x), C(y)})+1
= C(x,y|C(x)) < C(x) + C(y) + O(1)

x* je "prvy najkratsi" program, kt.generuje x. Vieme vypocitat x* ,
ked pozname x, C(x)?
m ANO — systematicky simulujeme programy dizky C(x); x* je
"prvy", kt. zastane s x

m vypoclet C(x) pri znalosti x sme zredukovali na vypocet x* pri
znalosti x, C(x)

C(x'x) = C(C(x)Ix) < C(C(x)) <logl(x)  [C(x) = I(x")
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some properties of C

Nech ACNx N je RE,y € N. Nech Y = {x: (x,y) € A}
konecna. Potom 3ca Vx €Y C(x|y) < I(d(Y))+ ca

m postupne vymenovavame (xi,y1),... a pocitame tie, ked
yi=y (X y) (X, ¥)s- -
m + poradové Cislo j; staci na urcenie x = x; O

ACN, , je RE, potom
m Vx, I(x) <n C(x|n) <I(p(n))+ O(1)
[ < C(x|n) +2I(n) + O(1)< I(p(n)) + 2/(n) + O(1)
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some properties of C

Definition

Nech &1, ®,,... a W1, Wy, ... si enumeracie PRF, pricom
Vi = Oy, ®; = V(). Ak f, g st Ciastocne rekurzivne, potom
&, ¥ su rekurzivne izomorfné.

V rekurzivne izomorfné W, ® 3 co y : Vx |Co(x) — Cu(x)| < co,w
ALE

Existuja enumeracie W, ® také, ze rozdiel |Co(x) — Cy(x)] je
neohraniceny.
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some properties of C

V rekurzivne izomorfné W, ® 3 co v : Vx |Co(x) — Cu(X)| < co,w

m f, g Ciastocne rekurzivne = 3n(f), m(g) tak, ze ®(r), V n(e)
pocita f, resp. g.

[ ] Cq;O(X) < C¢(,')(X) +c¢ < nyg('.) (X) + ¢ + Cm(g)
Cuo(x) < Cuiy(x) + i < Cop,y (X) + ci + Cr)

Co(x) =1I(p),Po(p) =x ¢
Cu(x) =1(q),Vo(q) =x ¢
Co(x) < 1(q) +2/(cg) + 1 Co(x) < I(p) + 2/(cf) + 1
<c

Pre ¢ = max{2/(cz),2/(cf)} +1 |Co(x) — Cy(x)|

O
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some properties of C

Existuja enumeracie W, ® také, ze rozdiel |Co(x) — Cy(x)| je
neohraniceny.

Definujeme ¥ k &:

Wy,(x) di(x) prex>1
Voit1(x) = ®i(x)

Cu(yi) Ssz,.(y,-) + ey, = 1+ cu,;, cu,, <2log2i+ o(1)

| = CGu(yi)l= "=y — O(1) ~ o0
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incompressibility

Retazec x je c-nestlacitelny ak C(x) > I(x) — c

m pocet retazcov dizky n je 2"
m pocet programov dlzky mensej ako n je Y7~ Loi—on_1
— Vn 3 aspon jeden nestlacitelny retazec

m # programov dlzky mensej ako n—c je > 1 5 loi = pn—c_1

2" (2" °—1)

> retazcov dliky n je
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incompressibility

Theorem (incompressibility)

Nech ¢ € N, y je fixované a A je konecnd mnozina kardinality
aspon m. Potom aspon m(1 —27¢)+ 1 prvkov x € A m3
C(x|y) > logm — c.

m programov dlzky mensej ako log m — ¢ je

log m—c—1 i _ slogm—c _ m
Sloem—erloi o —1=m_1

m v A existuje aspon m — (56 — 1) > m(1 — 2—1C) prvkov s
C(x)>logm—c

Pritom x € A stadi identifikovat indexom a popisom A

C(x) < ca+I(d(A))>ca+ I(m)
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incompressibility

c-nestlacitelné x = uvw,

x| = n, mdzme popisat programom ¢

program p, pre generovanie v
retazec uw q = l(pv)pvl(u)uw
separacia uw na u,w - nech |u| > |w|

I(q) = C(v)+2/(C(v))+2/(u) +n—1I(v)+2
n—c<C(x)<Il(q)+0(1)
n—c<C(x)<C(v)+n—I(v)+4logn+ O(1)
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incompressibility

Nech C(x) = I(p). Potom p je

Sporom

m nech 3 program q: U(q) = p &
m vezmime V = T;: V(q) = U(U(q))
= potom U(10q) = x

Cx)<Il(q)+i+1
pre c > i+ 1 SPOR o
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incompressibility

SEE

O vztahu C(x,y) k C(x), C(y) — C nie je subaditivna.
horny odhad

dolny odhad: Uvazujme A = {(x,y) | |xy| = n}.
m d(A)=(n+1)2"
m existuje (x,y) : C(x,y) >logd(A) —c=n+logn—c
m pritom C(x)+ C(y) <I(x)+/(y)+d=n+d
n+log n-c> C(x)+C(y)-d+log n-c=
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incompressibility

Example

C nie je monoténna na prefixoch.

dn>mx=1" y=1", y vlastny prefix x ale C(y) > C(x)
n=2k:w C(1") < loglog n+ O(1)
m: A={1,11,...,1")

Incompressibility Thm: aspon n/2 + 1 prvkov ma C(z) > logn—1

Zvolime m: n/2<m<n

C(1m)>logn—1 o
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incompressibility

KZ pri znalosti dlzky — C(x|I(x)) ~ C(x|l(x)) < C(x)+ ¢

n-string je retazec n0"~/("), pricom |n0"~(")| = n

m Ak x je n-string, tak

n nestlacitelné: C(n) > I(n); x = n0"~'(")
C(n)— C(I(n)) > + 0(1)
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randomness deficiency

Co ak vieme, 7e x € A? /] C(x|A) < I(d(A)) + ca

Randomness deficiency x vzhladom k mnozine A je
6(x|A) = I(d(A)) — C(x|A)

m 0(x|A) > —cp
m Co hovori velké 5(x|A)?
m Kolko je prvkov s d(x|A) > k?

3(x|A) = I(d(A)) = C(x|A) > k ~  C(x|A) < I(d(A)) -k
[x : C(x|A) < I(d(A)) — k| < 2MdAN—k+1 = ZZED

d({x : 3(x|A) > k}) < d(A)/2+
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oe

randomness deficiency

randomness deficiency a ndhodnost
Nech: ® = ¢, //® partial recursive, computable
R={(x,y):®(i) = (x,y),i > 1} //R recursively enumerable

Nech A = {x: (x,y) € R} je kone¢na
— C(x]y) <logd(A) + logr + 2loglogr + O(1)
= d(x|y) = log d(A) — C(x]y)

Nech A= {x: I(x) =n}, R={(x,n): I(x) =n}
—d(x|n) = NS —C(x|n) + O(1)
log d(A)



preliminaries

C as an integer function

Pre Kolmogorovsku zlozZitost plati

C je neohrani¢ena

m(x) = min{C(y) : y > x} je neohranicena

vV PRF ® monotédnne rasticu donekonecna (od nejakého xp)
plati m(x) < ®(x) az na konecne vela x

// nekonecne vela razy skoci na konstantu (n-stringy)

1. vyplyva z 2.

2. Vi 3 min. x; také, ze Vx > x;: C(x) > i
~om(x) =0, xp < x < Xjg1
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(o] lo}

C as an integer function
3. V PRF & monoténne rasticu donekoneéna (od nejakého xo) plati

m(x) < ®(x) az na konecne vela x
Nech ®=®, monoténne neklesajica,®(x) < m(x) pre nekonecne vela x;

m D(®) =A={x: ®(x) < oo} nekoneéna, RE, preto 3 nekonecna
B, B C A, s rekurzivnou xpg

[ o(x) xeB
" V(x) = { ®(y) y=max{z:z € B,z < x} inak
V(x) < &(x) < m(x)
m M(a) = max{x : C(x) < a} M(a)+ 1= min{x: m(x) > a}
max{x : ¥(x) < a+ 1} > min{x: m(x) > a} = M(a) +1 > M(a)
m F(a) = max{x : W(x) < a+ 1} je totalna rekurzivna
— F(a) > M(a) pre nekoneéne vela a — C(F(a)) > a
ALE Cr(F(a))+0(1) <l(a)+cr+0O(1) =
a < C(F(a)) O
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C as an integer function

intermezzo o rekurzivnych fcidch D(®) = A= {x: ®(x) < oo}
nekonecna, RE, preto ma nekonecnii podmnoziny B, B C A, s rekurzivnou xg:

B f RE s oborom hodnét A, g rekurzivna:

g(0) = 7(0)
g(x +1) = f(y), y najmensie také, ze f(y) > g(x)
B je obor hodnét g

A nekoneéna, preto B nekoneéna
g vymenovava B v rasticom poradi

nekoneéna A je rekurzivna <= ak je enumerovatelna v rasticom poradi
postupne pocitame charakteristicka fciu

?
y € A postupne pocitame, az kym x(x) € B pre x > y

A je RE A je obor hodnét totalnej rekurzivnej fcie
AjeR XA je rekurzivna o
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