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Abstract

We describe a probabilistic_parallel al­
gorithm to sort n keys drawn from some
arbitrary total ordered set. This algo­
rithm can be implemented on a parallel
computer consisting of n RAMs, each with
small private memory, and a common memory
of size O(n) such that the average run­
time is bounded by O(log n). Hence for
this algorithm the product of time and
number of processors meets the information
theoretic lower bound for sorting.

1. Introduction and known results

This paper deals with parallel algorithm
for comparison problems. We are given a
set of n keys drawn from a total ordered
set of arbitrary size. The only operation
that can be performed with the keys is the
comparison of a pair. In the sequential
case O(n) algorithms are known for selec­
ting the k-smallest out of the n keys
and O(n log n) algorithms for sorting
them, which meet (up to constant factors)
the trivial lower bounds for these problems
Obviously these lower bounds also hold for
parallel algorithms for the product of
t ; mea nd number 0 f pro ces'S 0r s, but uP to
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now no parallel algorithm is known to the

author that achieves these bounds.

In [V] Valiant proves an upper and lower

bound ~ log log k+O(l) for finding the
maximum of n elements with k proces­
sors. In his computation model he only

counts the number of comparisons and
doesn't care about additional necessary
computations and flow of information. We

will call this a parallel decision tree
model. Obviously his lower bound holds
quite generally. Hence we can conclude that

for k = n processors wi th respect to se­
quential algorithms a speed-up of no more

than O(n/10g 10gn) instead of O(n) can
be achieved for the problem of finding the
maximum. In the same paper a parallel de­
cision tree algorithm is described which
sorts n keys with n processors in time
O(log n10g logn) . Again the speed-up is
only O(n/10g 10gn) .

For another model of computation Preparata
[P] obtaines a parallel sorting algorithm
which sorts n keys using n log n pro­
cessors in O(log n) steps. His model is
a single-instruction, multiple-data stream
computer (SIMD) with random access capabi­
lities to a common memory. Simultaneous
reading in the same storage location is
allowed, but no writing. Each processor
performs arithmetic operations

+,-,*L/J, r10g1 as well as the comparison
of two keys in unit time. The algorithm
recursively sorts smaller subsets and then
merges pairs of ordered subsets in



Theorem 1: There is a n-processor paral­
lel decision tree algorithm to select the
k smallest element out of a set of n
keys (l~k~n), that fi ni shes wi th proba-

_cn 1/ 8
bility greater than 1-2 in C
steps for some constants c,C >0 .

2. Selection in constant time

O(log log n) steps together to determ i ne
the rank of each element. The above time
bound includes the arithmetical computa­
tions, the number of comparisons and the
number of read/write operations in the
common memory, but doesnlt take into consi­
deration the problem of processor assignment
when merging the subsets together. Of we do
this merging costs O(log n) steps which
gives a totoal time bound
O(log2 n/ log 10gn) .

(xi,i) «xj,j)
and i < j .

i,·ff or X. < x.
1 - J

For this algorithm the speed-up for
N = n log n processors is O(N/1og N), resp.
O(N log log N/log 2 N) .

F,or the same computation model [P] describes
1+0.a second algorithm which uses n pro-

cessors and runs in time O(.! log n) for
a.

any 0 < Ct ~ 1 , whi c h gi ves a s pe ed- up 0f
1

O(NT+a) , N =n 1+a.. The assignment of pro-

cessors is easier in this algorithm and
different processors don't read in a stor­
age location at the same time.

Valiant's results show that for worst case
time complexity not every problem can be
solved n times faster if we use n in­
stead of 1 processor. He also conjectures
that the attainable speed-up for the selec­
tion problem is still smaller. The question
arises whether a speed-up of order n can
be achieved at least on the average,
whether probabilismus can improve parallel
algorithms substantially. Obviously for
selection or sorting probabilismus doesn't
help much in the sequential case. In the
following weill show that for both problems
a speed-up of order n can be achieved by
probabilistic parallel algorithms that use
n processors.

We assume that the keys are distinct and
have a linear order. This is no restriction
since if we are given n arbitrary keys
x1 , ... ,x n replace xi by (xi,i) and de­
fine an order of the tupels by
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Proof: The algorithm we describe is essen­
tially a parallel version of the algorithm
SELECT from [FR]. We expect the reader to
be familiar with that paper.

PARSELECT (X,k,n):

input: A set X of distinct keys

xI' · .. , xm ' a number k, 1 ~ k ~ m , the
number of available processors n >m .

output: The k smallest element of X.

i f m~LV2nJ determine with m(m-l) com-2
parisons - every eler.1ent of X with
every other - the k smallest element
of X directly in one step.

if m>lV2n'J do

1. Select probabilistically a subset S
of size s: = lwJ ; determine for each
element of S its rank in S by com­
paring it with every other element of
S .

2. Choose numbers 1 ~u(k) <v(k) <s and
let y[z] be the u(k) [v(k)] smal­
lest element of S; compare in two
steps every element of X with y and
z; define

A = {x EXlx ~y}

B ={x EXly <x ~z}

C ={x EXlz <x} ;



3 • if 1AI < k and I AI +1 BI ~ k

.t.h.eA PARSELECT (B,k-I AI ,n)
ifr A1 > k then PARSELECT (A,k,n)
if IAI +IBI <k

then PARSELECT (C,k-fA\-IBf,n)

end PARSELECT.

From equations (13) and (14) in [FR] it

follows that for

log P{t) < 0(109 m) +9· 10 g~ + s ( 1-.9.s ) log ( 1a) +
- 9 1-~

o 1 S
( S - 9 ) 1og ( I-m) + 9 log m

~°(l Cl9m) + g. log ~ :; +5 log ( 1+~) +
t(S-9)log{l-m)

s·R. s1
~ 0 ( log m) +9 · 10 9g •m + ( s - 9 1n 2 -

(s-g)!
ml n 2

s+1 .. F;:\Ju (k) =t k · m+1 -d v s

v(k) = t k.~:i +dv'S' j

the probability that the k smallest ele­
ment of X doesn l t belong to B is less

2
than o{exP(-~)/dl

.2,
~O(log m) +g·O(log m) -a{s)

1/4 1=0 { 109 m} +0 ( d •m· •1 og m) - e(:TT2")..
m

This giv.es for d =m 1/8 and 1 >m I5 / 16

7/16
P( 1) < 2- e(m )

I t r ema ins to eval.uate the s i ze 0 f B • The
probability that 8· is of size 1 can be
bounded by

P(f.)

X 1 m-X-l
m-{s-v(k})-t(u(k»(v{k)-u{k)(s-v(k})

r m
x=u(k) (s)

1 m-~}

S E (v(k)-u{k)}(s-V(k)+u(k)
x (~)

1 m-1
(9)(S-9) -~

< m for g: = v( k) -lJ (k) = 2d vs
(m)
s

Therefore the probability that in I} we
make a bad ~hoice~ that means the k
smallest element of X isn 1 t in B or B
is bigger than ~m15/16, is at most
ex p(-e( m1/4)} • This means that after
having executed steps 1) and 2) 11 times

· h . b bOl °t 1_.2- 0 (m1
/

4) ·t·he kw, tpro a· 1 1 Y

smallest element of the original set X
belongs to a sub~et B of X with size

less than m(15/16)11 <m 1/ 2 and we can

find this element in B by one more step.

S·9The last term ;s less than eXP(m_2s)'
hence for 9 =o{s) we get with an appro­
priate constant a

P.( £) < (X • f'1 ( S ) ( 1 _!:. )s - 9 (! ) g •
- 9 m m

Using (s) <2 0(10g s) +s.H(t)
9 -

[H(x) = x 10g{ + (l-x)log l~x] and

log(1+x) Sm for x >-1 yields for
9 =o{s) :
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Corollary 1: In the parallel decision tree
model sorting n keys with n processors
can b~ performed in average time O(log n).

Proof: Use PARSElECT to find the median
in average time bounded by a constant.
Compare every key with the median to get
two subsets S,G ~f those elements which
are smaller [greater] than the median. Re­
cursively sort Sand G in parallel
wit h ..z proces sor sea ch. 1fT (n) den 0 t es
the expected number of comparison to sort
n keys with n processors we get the re­
cursion formula

T(n) ~T(%) +const.

which implies T(n) ~O(log n).



3. Fast probabilistic parallel sorting

We now describe a parallel sorting algorithm
for a more realistic computation model than
the parallel decision tree.

The parallel computer consists of n pro­
cessors p(l), ..• ,p(n) and a common memory
of size O{n). Eacb processor is a RAM with
a constant number of private registers and

has random access to the common memory. We
allows ,1 mu 1taneousread i n9 -i n the --sames tor­

age location of the common memory by dif­
feremt processors, but no simultaneous writ­
i n9. The a r i t hme t ic i-its t r uc t ion set con -
ta ins, +, - , *, II j . Each-proces sorneedson-e

unit of time to perform an ~rithmetic ope­

ration or to compare two keys. This impli~s

that functions, 1 ike tVii'J _, llogn J :t 2n a 11

can be ~omputed in 0(109 n) steps.

Suppose wa are given a set Y ={Yl~.~.'Yn}

~f n distinttke~s which at the beginning
are s to,,.-ed In the :common memory in an array

k = k tll •... , k ( n l . ·k{ i) =y ;.Thissequen c e

of fJ; keys wi 1'1 be rearranged to get a par­
tit ion k = k1 , k2

t. • • , k N ; nto sub sequ -e nc-e 5

ca lletl box-es sueh that for ; < j every-- .-
element of box j(l is less than every ele-

ment of k j
.

Such a partition of k is u'niqtiely defined'
by the i ndi ces of the firs t a'nd 1as-t el e'"
m-ent of each box. These indfces ares·tllred

in _arrays t = £(1), ••• ,1(n) and
U =u(l), .. f1 ,uen) ion the following way:

if. key k{ i } be longs to box

kj =k ( R, + 1) " .' . ., k ( u ) the n R, ( i) =.t + 1 and

u ( i) = u. At the be'gln,n i Ii 9 we set R, ( i ): = 1
and u ( l>): =; rt f ot' a· f 1 i.

N'o,w the g10 ba 1 snruict'ur'e of the so r t irt'g

a1g.ot· ithm i s the f 011': 0 w, i n9 :

].' Se 1: en t ac s,ub:sie:t St' 0 f y' ().t s iz-e

L~J: a't- tran;(j.·om a'flGSort $' b';1 compa-
Ir ; n,g' e·v e~y p-a i r" o.f keys, ;i n S·.
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can be partitioned into lirrj +1 boxes
80 , ... ,B tvnJ where Bi contains those
keys that are bigger than the i-th smallest
but not bigger than th~ (i+l)-smallest
element of S.

2. By binary insertion determine in parallel
for each key of V into which box it

falls.

3. Rearrange the sequence k{l)~ .•. ,k(n)
in such a way that all elements of Bi
proceed all el~ments of Bj for t <j .

4~ Recursively in parallel for each j

sort the subsequence of k that ~on-

t a ins the' e 1erne n t S 0 f b--o x 8 j ·

It will be shown that with great probabili­
ty the size of every b~x Bi is less than
O(Vil'log n) • Thus on the average in th-e

course of the recursion the problem size

decreases fast.

While the a]~orithm is quite simple t the
prob 1em i s to f; nd --a fa stimpl ernentat ; on
fora parallel cumputer of the above type.

The fo 11 owfng ,nota t ion wi 1_1 beu sed for a

subset I c {I , '" .. t n} :

for i € I p( i ): <comma Ads>,

this means that in paralleleac-h processor
p(i) with i £1 carrie~ out the com.~nds.

The algorithm Os,es two subroutineswhi'~h

wil] be described and analysed beforehand.
In the first one a key is selected from a
su-bsequence' of kat random· and stored

ina n array s =s (1 ) , ... ,s (n) ·

SEl(t+l,u,s)

c:Qmment :: proces"sor p( £+1) sele-cts a key

s(Jt+l) froP.'! k(t+l}, ... ~k(u)

at: r ali dto-m •



processor p( R.+l) :

2. m: =N mod{u-t) =N - (u-1Hu~tJ •

3. s(1+1): =k(1+1+m) .

1. choose a
number N

2flog(u-l)1 - digit binary
at random.

2. for k=I, ••. ,llog(U-1)J do

for i €{1, ... ,l(u-l)/2kJl
p(1+2 k.;) :

d(1+2 k .i): =d(1+2 k.i) +
d(1+2 k.i-2 k- 1) .

end

end SEL

For each key among k(1+1), ... ,k(u) the
probability to be chosen is either

_ 22flo 9 ( u- 1 ) 1 2flo 9 ( U-1 ) 1
a-l u- t J/2 or

_f22fl09(U-l)11/22fl09(U-l)1 which differ
B - u- R,

by at most (U-l)-2. Since
x-I - x- 2 ~ (x+2)-1 for x ~ 2 it follows

-Proposition 1: For each key among
k(1+1~ ... ,k(u) the probability to be
chosen by SEL(I+1,u,s) is at least
(U-l+2)-1 if U-l >2

If each processor can make a O/l-random
choice in one step the runtime of
SEL(1+1,u,s) is bounded by O(log(U~l».

The next procedure computes all partial
sums of a sequence of m numbers in
O{ 1og m) steps.

ALLSUM(1+1,u,c,d)

comment: processors p{1+1), ... ,p(u) com­
pute all sums ~ c(j) for

j ='1+ I

i =1+1, ... ,u and store the re­
sults in d(1+1), ... ,d(u).

1. for i E{R,+I, ... ,u} p(i) :

d(i): =c(i) .
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comment: now for 1+1<j<u with
j =1 + 2k • i , 0-~ k- ~-L 109 (u -1 ) J
and i:: 1 mod2 holds

d(j) =d(1+2 k.i) =
kf C(1+2 k .(i-l)+x)

x=1

3. for €{1+1, ... ,u} p(i)

q{i): =d{i) ,
e(i): =1
de;}: =0 ,

for k = L10g( u- 1) J, ••• ~ 0 do
i f e( i) + 2k ~ i then

e(i): =e(i) +2 k ,

d(i): =d(i) +q(e(i» .

end

end ALLSUM

We now describe a recursive procedure
PPSORT to sort a box

1+1 u .B ' =k(I+1), ... ,k(u) wlth processors
p{1+1), ..• ,p(u) . As input parameters we
need only 1 + 1 and u, the lower and
upper boundary of B1+1

,U. Gl oba 1 para­
meters for this procedure are the sequence
k of keys and the array Land U for
the par tit ion 0 f k. To s tor e i ntermed i ate
results we use some additional arrays
s,s,c,d,D,gl,G1,g2,G 2 each of length n.
For each of these arrays during
PPS0RT{ 1+1 , u) processors p( 1+1) , . . . , p( u)
only access array elements with indices
between 1 + 1 and u.



7. for k = II og wJ, ••• ,0 do

for i E{1+1, ••. ,u} p(i)

if c(i) +2 k w ~and
s(R.+c(i)+2 k) ~k(i)

th en c ( i ): =c -( i) + 2k

PPS 0RT (R. +1, u) :

if U-l <1-6 sort k(i+l), ••. ,k(u) with

p(R.+l), •.• ,p(u) by pairwise compari-

sons

if U-R. ~ 16 then do

1. for i E{1+1, .•• ,u} p(i)

compute w: =lvu=1J , v: =lU~R,J ,

z: = 2ll 09 wJ+2 and store w, v , z

in the private memory.

B1+1,U
o

BR.+1,u
w

6. for

={k(i)IR.+l ~i ~u

={k(i)IR.+l ~i s:u

i E{1+1, ••• ,u} p(i)

c(i): =0 •.

k(i) <s(R.+l)}

S( R.+w) ~ k ( i ) } ]

comment: in step 2 to 5 a subset S of

{k(1+1), ••• ,k(u)} of size w

will be selected at random and

sorted.

2. for j E{O, ... ,w-l} do in parallel

SEL(l+jv+l,R,+(j+l)~+(i+l)v,c,d)

3. for i,j E {O, ... ,w-1} p(R,+iv+j+l)

if s(R,+iv+l) ~s(R,+jv+1)

then c(R,+iv+j+1): =1

else c(R,+iv+j+1): =0

4. for E{O, ... ,w-l} do in parallel

ALLSUM (R,+iv+1,R,+(i+l)v,c,d) .

comment: d(R,+(i+l)v) is the rank of

s(R,+;v+l) in S.

5. for E {O, ... ,w-l} p(R,+iv+l) :

s(R,+d(R,+(i+l)v)): =s(R,+iv+1) .

comment: 5(R,+1), s(R,+2), ... ,s(R,+w) is

the ordered sequence of keys in

S .

comment: in step 6 to 7 weill determine

into which box B1+ 1 •u each key
of BR,+l,u falls, where

B/+1 •U
: ={k(i)IHl ~i ~U •

s(R,+j) <k(i) <s(R,+j+l)} for

1 ~ j < w ,
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end

comment: one verifies easily that c(i)

is the index of that box into

which key k(i) falls;

next compute the size of the
boxes B~+l,u and the relative

J
position of each element in its

box.

8. for E{R,+I, ... ,u} p(i)

d(i): =zc(i) •

9. ALLSUM (R,+l,u,d,D) .

s
comment: if O(s) = r d(i),

i=1+1

s E {R,+1, ••• ,u} , is expanded to

the base z, that means
w ·

O(s) = 1: h(j,s)zJ with
j=O

o ~ h(j ,5) ~ u-R, < Z , then the co-

efficient h(j,s) counts the

number of elements among

k(R,+I), ••. ,k(s) that fall into
b BR,+l,uox j .

10. for j E {0 , ... , w} p ( R,+ 1+j )

gl(R,+l+j): =h(j,u)

l D{~) J - zl D~~iJ •
z z



comment: 91 ( I, +1+j) , G1 (R. +1+j )

j
L 91(1+1+k) is the number of

1=0

elements of Bl+1~u that fall

into BR.+l,u, resp. into
j

B1+1 ,U u UB1+1,u
o · ·.j ·

12. for i E{R,+l, ••• ,u} p{i)

comment:

14. for

in step 131o\aler C'nd uooer bound­
aries for the boxes ~~+1,u are

J
computed.

j E{O, ••• ,w} do in parallel

if j =0

then PPSORT{1+1,R.+G 1{1+1»,

else PPSORT(1+1+G 1(1+j),

R.+G 1{1+1+j» ·

92(i): =h(c(i),i) =

~
. i l D!i) Jl c 1 J - Z C (1 )+1 'z z

if c (i) =0

then G2{i): =g2{i)

else G2( i J:= G1 {1 +1+c ( i ) - 1) +

92 ( i) ,

S(1+G 2{i}): =k{i) ,

k{i): =s(i} .

comment: G2{i) counts the number of ele-
men t s amoft 9 k ( R, +1 ), • • • , k ( i )

l+luthat belong to a box Bj ,

with index j less than or equal
to c{ i) , the index of that box
where k{i) belongs to; there­
fore G2(1+1), ... ,G 2{u) is a
permutation of {l~'.JU-l} and
after rearranging the array k
the elements of B1+1 ,u are
stored in

13. f o·r i E {t+1 , . . ., u} p( i) :

if c(i) =0·

the .n ! ( 1+G2(i ) }: = I.

else 1(1+G2{i)~

1 +G 1 (R.+c(i»

u(.t+G 2(i»: =1 +G 1{1+1+c{i») .
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end PPSORT

The correctness of this algorithm can
easily be seen. Note that if each proces­
s 0 r p( i ) II kn0 ws Il his 1a be 1 the n a11

processors can be programmend equally. It
remains to estimate a tim~ bound for the
algorithm. For U-R, =n we have w = l-vnJ
and for v =L-n--J holds

lvnl
lV'iYj ~. v s LVii"'j + 2 let T( n) be ttl e
average time the parallel computer needs
to sort n keys k( t +1 ) ~ '.. '. ,k (u ) with
processors p(R.+l), ••. ,p(u). If

nj t' 0 ~ j ~ lYn'J , denotes thesi ze of the
&ox B~+l,u then

J

T(n). = 0 ( log n) + m~ x T( nJ)
J

if we assume T{n) to be increasing with
n .

The probabi 1ity that for s·ome j OJ
exceeds a·Vii call be bounded by the
followin~ estimation:

Take any subsequence of length b > lVii'J
of the ordered sequence of keys and let
bi(lsi~w+l) be ~he number of those keys
of this~subsequence that belong to the
i - t h i nt e r va·' I i of k( t .... 1 ), .. • .~ k( u) t

. I i =k ( 1 +( i ... 1 ) v+1 ) , • . . , k ( Jt +i v ) f Qr

1 :s; ~ w., I w+1 =k ( 1 +Wv... 1) 'II . . ~ k ( u) •



It holds blvrrJ +1 SU-{l+WV) =

n-lv"fi'Jt-n-J < l,,",J ·
lvrrJ -

The probability not to hit any of these
elements when selecting from each interval
11, ... ,I w one element at random ;s by

proposition 1 at most

Taking the logarithm yields:
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w b·
1n P =max r In{1- v;2)

b i i =1
max

w
r

;=1
b·_ 1

~

-b+bW+1
<max v+2- b

i

-b+LvllJ< •
- tv'ii'J+4

For b ~a·vrr we get 1n P ~-(a-o(l» or
P ~ D{e- a ) •

For a =3 1n n the total probability that
some nj exceeds aVO is less than
(n-avn+l) 0 (e -3 1n n) $ 0 (-1)

n

This gives

T(n) ~ 0 (1 09 n) +
Pro b(max s 3 1n nv'il) T(3 1n nv;r) +

j

Pro b(m~ x nj >3 1n n\fil' ) T( n- LVil'J + 1) :5

J 1
o( log n) +T(3 1n nv'il) + C(~) T( n-l vrrJ + 1) •

n

By; nduc t ; O-n on e shows T(n) ~ 0( log n) •

Thus we have proved:

Theorem 2: n keys can be sorted by a
n-processor par~11el random access computer
in average time O(log n) •
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