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Abstract

We describe a probabilistic parallel al-
gorithm to sort n keys drawn from some
arbitrary total ordered set. This algo-
rithm can be implemented on a parallel
computer consisting of n RAMs, each with
small private memory, and a common memory
of size 0(n)
time is bounded by
this algorithm the product of time and
number of processors meets the information

such that the average run-
0(1og n) . Hence for

theoretic lower bound for sorting.

1. Introduction and known results

This paper deals with parallel algorithm
for comparison problems. We are qgiven a
set of n keys drawn from a total ordered
set of arbitrary size. The only operation
that can be performed with the keys is the

comparison of a pair. In the sequential

case O0(n) algorithms are known for selec-
ting the k-smallest out of the n keys
and O(n logn) algorithms for sorting

them, which meet (up to constant factors)
the trivial lower bounds for these problems
Obviously these lower bounds also hold for
parallel algorithms for the product of

time and number of processors,
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now no parallel algorithm is known to the
author that achieves these bounds.

In [V] Valiant proves an upper and lower
bound ¢ loglog k+0(1) for finding the
elements with k

maximum of n proces-

sors. In his computation model he only
counts the number of comparisons and
doesn't care about additional necessary
computations and flow of information. We

will call this a parallel decision tree

model. Obviously his lower bound holds

quite generally. Hence we can conclude that
k=n
quential algorithms a speed-up of no more
than 0(n/log logn) instead of 0(n)
be achieved for the problem of finding the
maximum.

for processors with respect to se-

can

In the same paper a parallel de-
cision tree algorithm is described which
in time

sorts n keys with n

0(Tog nlog logn) .

processors
Again the speed-up is

only 0(n/log logn) .

For another model of computation Preparata
[P] obtaines a parallel sorting algorithm
which sorts n keys using
0(log n) steps.
a single-instruction, multiple-data stream
computer (SIMD) with random access capabi-
lTities to a common memory. Simultaneous

reading in the same storage location is

nlogn pro-

cessors in His model is

allowed, but no writing. Each processor
performs arithmetic operations

+,-,%[ /], [1og] as well as the comparison
of two keys in unit time. The algorithm
recursively sorts smaller subsets and then
merges pairs of ordered subsets in



0(log Togn) steps together to determine
the rank of each element. The above time
bound includes the arithmetical computa-
tions, the number of comparisons and the
number of read/write operations in the
common memory, but doesn't take into consi-
deration the problem of processor assignment
when merging the subsets together. Of we do
this merging costs 0(log n)
gives a totoal time bound
0(logzn/1og logn) .

steps which

For this algorithm the speed-up for
N =nlogn processors is O(N/log N), resp.

O(N loglog N/logZN) .

[P] describes
a second algorithm which uses nl+a pro-
0(% logn) for

which gives a speed-up of

For the same computation model
cessors -and runs in time
any O<ac<l,

Nm) R

0( N =nlte

cessors is easier in this algorithm and

The assignment of pro-

different processors don't read in a stor-
age location at the same time.

Valiant's results show that for worst case
time complexity not every problem can be
solved n times faster if we use n in-
stead of 1 processor. He also conjectures
that the attainable speed-up for the selec-
tion problem is still smaller. The question
arises whether a speed-up of order n can
be achieved at least on the average,
whether probabilismus can improve parallel
algorithms substantially. Obviously for
selection or sorting probabilismus doesn't
help much in the sequential case. In the
following we'll show that for both problems
a speed-up of order n can be achieved by
probabilistic parallel algorithms that use

n processors.

We assume that the keys are distinct and
This
since if we are given n arbitrary keys
XiseeesXy replace X; by (xi,i) and de-
fine an order of the tupels by

have a linear order. is no restriction
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(xi,1) <(xj,j) Ffoxy <X; or Xx;<x
and i<j.

2. Selection in constant time

Theorem 1: There is a

n-processor paral-
lel decision tree algorithm to select the

k smallest element out of a set of n

keys (1l<ksn) , that finishes with proba-
o _cn1/8

bility greater than 1-2 in C

steps for some constants ¢,C>0 .

Proof: The algorithm we describe is essen-
tially a parallel version of the algorithm
SELECT from [FR]. We expect the reader to

be familiar with that paper.

PARSELECT (X,k,n):

input: A set X of distinct keys

Xpse--sXy 5 @ number k, 1 <k<m, the

number of available processors n>m .

output: The k
if m<[V2n] determine with ﬂig:ll com-

parisons - every element of X with
smallest element

smallest element of X .

every other - the k

of X directly in one step.

if m>|VZn] do

1. Select probabilistically a subset S

of size s: =|Vm] ; determine for each
element of S
paring it with every other element of

S .

its rank in S by com-

1 <u(k) <v(k) <s and
u(k) [v(k)l
compare in two

with y and

2. Choose numbers
let ylz] be the
lest element of S ;

smal-

steps every element of X
z ; define

A={x €Xlx <y}
B={x€Xly <xs<z}
C={x €Xlz <x} 3



3. if IAl <k and 1Al +1Bl >k
o then PARSELECT (B,k-1Al,n)
if (Af >k then PARSELECT (A,k,n)
if 1Al +1BI <k

then PARSELECT (C,k-1A(-IBl,n)
end PARSELECT.

From equations (13) and (14) in [FR] it
follows that for

u(k) =[k-3H -4y
v(k)=[k.%§%+dv?J

the probability that the k smallest ele-
ment of X dogsn't belong to B is less
than 0(exp(-45)/d) .

It remains to evaluate the size of B . The
probability that B is of size & <can be
bounded by
.2 m-x-2
Pl2) =m-2(:s-v(k))_z(u)((k))(v(k);‘u(k))(s-v(k))
x=u(k) M
2 m-2
< 5 W-u) ) sev (k) ru(k))
T ox e
(D
<m —3_579° for g: =v(k)-u(k) =2d Vs

m
()
S _2ys-9,2,9, M g
<m($) (1-0)°79(3) S (7)Y -
The last term is less than exp(%&%g) .

hence for g =o0(s)
priate constant «

we get with an appro-

P(2) ca-m(3)(1-2)579(%)9

g

Using (gs;) <20(10g s) +s-H(E)

[H(x) =x Togs + (1-x)Tog 21 and

Tog(1+x) STFLZ for x >-1 yields for
g =o(s) :
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Proof:

Tog P(l) 50(]09 m)+g.]°g_§ +5(1__g_)-|og(_;1_g) +
(s-g)Tog(1-%) +g Togx s

<0(Togm)+ g-]gg%%% +s 1og(1+§%§) +
(s-a)log(l-3)

S-2 S
50(109 m) +g-1ogﬁ -(?_—g—?ﬂln—z"
!S‘g!l
min2

<0(log m) +g-0(1log m)-@(%)

=0{1og m)+0(d-m1/4-log m)—e(—%72)b
m

1/8 " 2m15/16

This gives for d=m and

P(2) 52'°(m7/16).

Therefore the probability that in 1) we
make a bad choice, that means the k

smallest element of X
is bigger than mls/16
exp(-e(m1/4)) . This means that after

having executed steps 1) and 2) 11 times
1-g-o(m!/h)

isn't in B or B

, is at most

the k
smallest element of the original set X
belongs to a subset B of X
11
m(15/16) <m1/2

with probability

with size

less than
find this element in

and we can

B by one more step.
Corollary 1: 1In the parallel decision tree
model sorting n keys with n

can be performed in average time

processors
0(log n).

Use PARSELECT to find the median
in average time bounded by a constant.
Compare every key with the median to get
two subsets S,G of those elements which
are smaller [greater] than the median. Re-
cursively sort S and G in parallel

with g processors each. If T(n) denotes
the expected number of comparison to sort
n keys with n processors we get the re-
cursion formula

T(n) sT(g) +const.

which implies T(n) <0(logn).



3. Fast probabilistic parallel sorting

We now describe a parallel sorting algorithm
for a more realistic computation model than
the parallel decision tree.

The parallel computer consists of n

pro-
cessors p(l),...,p(n) and a common memory
of size O0(n) . Each processor is a RAM with

a constant number of private registers and
has random access to the common memory. We
allow simultaneous reading in the same stor-
age location of the common memory by dif-
feremt processors, but no simultaneous writ-
ing. The arithmetic instruction set con-
tains +,-,%*,|/] . Each processor needs one
unit of time to perform an arithmetic ope-
ration or to compare two keys. This implies
that functions like {vw] ,|logn] ,2" all
can be computed in O0{logn) steps.

Suppose we are given a set Y ={y1,...,yn}

distinct keys which at the beginning
are stored in the common memory in an array
k =k(X),...,k(n) , k(i) =y; . This sequence
of n keys will be rearranged to get a par-
tition Kk =k1,k2,...,kN into subsequences

calted boxes such that for
element of box ki

ment of kJ .

of n

i<j every

is less than every ele-

Such a partition of k is uniquely defined
by the indices of the first and last ele-
ment of each box. These indices are stored
L=2(1),...,2(n) and

..,u{n) in the following way:

if key k(i)
kj =k(2+1),.
u(i) =u .

in arrays
U=u(l),.

belongs to box
...k(u) then 2(i)=2+1 and
At the beginning we set 2(i): =1

and u(i): =n for all i .

Now the global structure of the sorting

algorithm is the following:

1. Select a subset S of Y
Ivw} at random &nd sort S
ring every pdir of keys in §.

of size
by compa-

With the help of this ordered subset Y
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can be partitioned into [Vm] +1
BO""’B[VWJ contains those
keys that are bigger than the i-th smallest
(i+1l)-smallest

boxes
where Bi

but not bigger than the
element of S .

2. By binary insertion determine in parallel
for each key of ¥ into which box it
falls.

3. Rearrange the sequence k(1),...,k(n)
in such a way that all elements of Bi
proceed all elements of Bj for i<j.

4. Recursively in parallel for each
sort the subsequence of k that con-
tains the elements of box Bj‘

It will be shown that with great probabili-

ty the size of every box Bi is less than

0(Vn'logn) . Thus on the average in the
course of the recursion the problem size
decreases fast.

While the algorithm is quite simple, the
problem is to find a fast implementation
for a parallel computer of the above type.

The following notation will be used for a
subset I<{l,...,n}:
for i€l p(i): <commands> ,

this means that in parallel each processor
p(i) with 1€l carries out the commands.

The algorithm uses two subroutines which
will be described and analysed beforehand.
In the first one a key is selected from a

subsequence of k at random and stored

in an array =s(1),...,s(n) .
SEL(2+1,u,s)
comment: processor p(L+l) selects a key
s(&+1) from k(2+1),...,k(u)
at rarndom.



processor p(2+l) :

2[1og(u-2)] - digit binary
at random.

1. choose a
number N

2. m: =N mod(u-1) =N - (u-2)l5or] .

3. s(2+41): =k(2+1l+m) .
end SEL

For each key among k(2+1),...,k(u) the

probability to be chosen is either

211081 2109 (u-0)1

u=l_ =1 or
22[V0g(u-2)1 " 5r10g(u-2)]

B = [y 1/2°1 199 which differ

by at most (u-fL)'2 . Since

x1-x"25(x+2)"! for x>2 it follows

Proposition 1: For each key among
k(2+l,...,k(u) the probability to be
chosen by SEL(%+1,u,s)

(u—9,+2)'1 if

is at least
u-2>2 .

0/1-random
choice in one step the runtime of
SEL(2+1,u,s) 1is bounded by O0(log(u-2)) .

If each processor can make a

The next procedure computes all partial
sums of a sequence of m numbers in

0O(logm) steps.

ALLSUM(&+1,u,c,d)

comment: processors p(&+l),...,p(u) com-
pute all sums % c(j) for
j=2+1
i=42+1,...,u and store the re-
sults in d(2+1),...,d(u) .
1. for i€{2+l,...,u} p(i) :

d(i): =c(i) .
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comment:

k=1,..., 10g(u-2)] do
i€{l,...,l(u-2)/2%]y

p(e+2k.i) :

for

d(e+2K-i): =d(a+2K ) +
d(e+2k.i-2k"1y

end
now for & +1 <j<u with
j=1 +2%.9, 0sk <|log(u-2)]

and i =1 mod2 holds

d(j) =d(e+2k-9) =

2k K .

T c(e+27-(i-1)+x) .
x=1

3. for i €{e+l,...,u} p(i):

q(i): =d(i) ,
e(i): =2
d(i): =0,

k =1log(u-2)],.
if e('i)_+2k <i

for ..,0 do

then
eﬁ):=eﬁ)+2k,
d(i): =d(i) +q(e(i)) .

end

end ALLSUM

We now describe a recursive procedure
PPSORT to sort a box

BEHLaU L (e41), ... k(u)
p(2+1),...,p(u) . As input parameters we
need only 2 +1 and
upper boundary of B

with processors

u, the Tower and
2+1,u . Global para-
meters for this procedure are the sequence
k of keys and the array L and U
the partition of k . To store intermediate
results we use some additional arrays
s,?,c,d,D,gl,Gl,gz,Gz each of length n .
For each of these arrays during
PPSORT (2+1,u) processors p(2+l),...,p(u)
only access array elements with indices
between 2 +1

for

and u .



PPSORT (2+1,u) :

if u-2<16 sort k(&+1),...,k(u) with
p(2+1),...,p(u) by pairwise compari-
sons

if wu-2216 then do

1. for i€{s2+l,...,u} p(i) :

comment:

2. for

3. for

. for

comment:

5. for

comment:

comment:

compute w: =|Vu-2] , v: =[E%£J ,

z: =Zl]°9 w+2 and store
in the private memory.

WeV, 2

of
W

in step 2 to 5 a subset S
{k(2+1),...,k(u)} of size
will be selected at random and
sorted.

j €{0,...,w=1} do in parallel
SEL(f+jv+1l,2+4(j+1)e+(i+1)v,c,d) .

i, €{0,...,w=1} p(o+iv+j+l) :

if  s(e+iv+l) >s(2+jv+l)
then c(2+iv+j+l): =1
else c(e+iv+j+l): =0

i€{0,...,w-1} do in parallel
ALLSUM (g+iv+l,e+(i+1)v,c,d) .

d(e+(i+l)v) 1is the rank of
s(a+iv+l)

i€{0,...,w=1} p(e+iv+l) :

in S.

S(a+d(e+(i+1)v)): =s(a+iv+l) .
S(e+1) , S(2+42),...,5(e+w) s
the ordered sequence of keys in
S.

in step 6 to 7 we'll determine
into which box B§+1’u each key

of B“l’u falls, where

2+1l,u,

B

={k(i)l2+l <i su ,

S(a+j) <k(i) <S(2+j+l)} for

1<j<w,
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:o={k(i)le+l <i su, k(i) <S(e+l)}

:={k(i)le+l <i su, S(2+w) <k(i)}]

i€e{a+l,...,u} p(i) :

c(i): =0 .

k=[logw],...,0 do

for i €{e+l,...,u} p(i) :

if  c(i) +2K w <and
T(asc(i)+2X) <k(i)
then c(i): =c(i) +2¥

end

one verifies easily that c(i)
is the index of that box into
which key k(i) falls;

next compute the size of the
boxes B%+1’u and the relative
position of each element in its

comment:

box.

8. .sul p(i) :

d(i): =zc(i).

for i €{2+l,..

9. ALLSUM (g+1l,u,d,D) .
s
b
i=g+1

s€e€{e+l,...,u} ,
the base z , that means

comment: if D(s) = d(i) ,

is expanded to

wooo iU
D(s) = £ h(j,s)z with

j=0
0<h(j,s) <u-2 <z,
efficient h(j,s)
number of elements among

k(2+l),...,k(s) that fall
Bg+1,u
j .

then the co-
counts the

. [
into

box

10. for J€{0,...,w} p(e+l+j) :

gq(2+14§): =h(J,u) =

12050y -2 2



11. ALLSUM(2+1,2+14w,g1,6;) -

comment: g;(&+l4j) , Gj(2+1+4§) =

J

b gl(z+1+k) is the number of
2=0

2+1,u that fall

into

elements of B

B9:+1,u

J t ]
2+1,u

.UBj .

into resp.

2+1,u
B0 u..

12. i€{e+l,...

for sul p(i) :

g,(i): =h(c(i),i) =

(24 !,

D(i
I-z2l
,c

ZC1+

if

c(i) =0
then Gy(i): =g, (i)
62(1'): =Gl(9,+1+c(1')-1) +
92(1) ’

S(1+6, (1)) = k(1)

k(i): =s(%) .

else

counts the number of ele-
k(e+l),...,k(1)
that belong to a box B%+1’"
with index j Tless than or equal
to c(i) , the index of that box
where k(i) belongs to; there-
G2(£+1),...,G2(u) is a
permutation of {1,..,u-2} and
after rearranging the array k
the elements of B§+1’“ are
stored in

comment: G,(i)

ments ameng

fore

k(£+61(2+1+j-1)+1),...,k(2+G1(£+1+j)).

13. for 1 €{e+l,...,u} p(i) :
if ¢(i) =0
then z(z+62(i)j: =%
else z(z+62(i)): =

L +6y(24c(i))
u(24G,(1)): =2 +Gy(R+l4c(i)) .
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I =k(e+{i-1)v+l),..

comment: in step 13 Tower and upper bound-
aries for the boxes B%+1’u are
computed.
14. for je€{0,...,W} do in parallel
if §=0
then PPSORT(1+1,Q+GI(2+1)),
else PPSORT(2+1+GI(2+j),
m+Gl(z+1+j)) .
end PPSORT

The correctness of this algorithm can

easily be seen. Note that if each proces-
p(i) "knows" his label i then all
processors can be programmend equally. It

sor

remains to estimate a time bound for the

algorithm. For u-2 =n we have w =|Vn]
and for v =}-"—] holds

Lvwl
vl < vglva] +2 . Let T(n) be the

average time the parallel computer needs
keys k(2+l),...,k(u) with
processors p(g+l),...,p(u) . If

nj s 0<j<|VW], denotes the size of the
box B§+1’U then

to sort n

T(n) =0(1eg n) + max T(nj)
J

if we assume T{n)

n.

to be increasing with

The probability that for some nj
a*Vn can be bounded by the
following estimation:

exceeds

Take any subsequence of length b >|[VnA]
of the ordered sequence of keys and let
b;(lsisw+l) be the number of those keys
of this subsequence that belong to the
i-th interval I of k{2+1),....k(u) ,
> k(z+iv) far
=k{e+wv+l),. ..., k(u) .

i

Teisw, Ty



It holds bj my,q Su=(2+wy) =

- v -2 <lvm] .
n-| n“lWJJ <lvm)

The probability not to hit any of these
elements when selecting from each interval
Il""’Iw one element at random is by
proposition 1 at most

w b;
p= max : 1.I__ll(l- VI%)‘

Taking the logarithm yields:

W b'i W b'i
In P=max X 1In(l- VT?) max Zl “vT7

bi i=1 i

-b+b
<max v+g+1 < -b+{vA]
b, [ v +4
For b2a-Vt we get 1In P <-(a-0(l)) or
P<0(e™®) .

For « =3 1n n the total probability that
some n. exceeds aVnN islless than
(n-avi+l) 0(e™3 1" M) <0(—) .

n

This gives

T(n) <0(log n) +

Prob(max <3 1In nym) T(3 1n nvm) +
J
Prob(max nj>3 In nvR) T(n-|lVR] +1) <
J
0(Tog n) +T(3 Tn nVR) +0(—%) T(n-LvA) +1) .
n

By induction one shows T(n) <0(logn).

Thus we have proved:

Theorem 2: n keys can be Sorted by a
n-processor parallel random access computer
in average time O0(logn).
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